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Abstract. Recent developments in the derivation of reduced models for weakly
compressible magnetohydrodynamic (MHD) turbulence are discussed. A four-field
system of equations has been derived from the compressible magnetohydrodynamic
(MHD) equations to describe turbulence in the interstellar medium and the solar
wind. These equations apply to a plasma permeated by a spatially varying mean
magnetic field when the plasma beta is of the order unity or less. In the presence
of spatial inhomogeneities, the four-field equations predict pressure fluctuations of
the order of the Mach number of the turbulence, as observed by Helios 1 and 2. In
the presence of a uniform background field and a spatially homogeneous plasma,
the four-field system reduces to the so-called nearly incompressible system. In the
weak-turbulence limit, dominated by three-wave interactions, the anisotropic energy
spectrum is deduced by a combination of exact analytical results and numerical
simulations.

1 Introduction

Magnetohydrodynamics (MHD), despite its significant limitations as a model,
provides the principal framework for the theoretical description of turbulence
in the interstellar medium (ISM) and the solar wind. There is strong observa-
tional evidence that the effect of plasma compressibility cannot be neglected
in theoretical studies of magnetohydrodynamic (MHD) turbulence in these
systems. This should not be all that surprising, for the plasma beta in the
solar wind and the ISM is often of the order unity or greater. Consequently,
the sound speed is of the same order of magnitude or greater than the Alfvén
speed. (In a truly incompressible plasma, the sound speed is infinitely large.)
Hence, the assumption of constant plasma density (ρ), which is sufficient to
ensure that the plasma flow velocity v obeys the incompressibility condition
∇·v = 0 by the continuity equation ∂ρ/∂t+∇·(ρv) = 0, cannot be sustained.

Since the observed fluctuations in the solar wind and the ISM involve
density variations, it is widely appreciated that the effects of plasma com-
pressibility should be incorporated in a viable theory of MHD turbulence for
such systems. However, theoretical attempts to grapple with compressible
turbulence from first principles are hampered by the formidable analytical
(as well as numerical) complexities of the fully compressible MHD equations
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which involve eight scalar variables (i.e., three components each for the fluid
velocity and magnetic fields, the plasma density, and pressure) and several
nonlinearities. Even in simple magnetic geometry, it is difficult to obtain
numerically a reliable inertial range spectrum (spanning a few decades in
wavenumber) for compressible MHD turbulence.

In view of these difficulties, attempts have been made (primarily in the
theoretical solar wind literature) to derive reduced MHD models that can en-
able the computation of compressible turbulence as perturbative corrections
to a leading-order incompressible description. Perhaps the most well-known
of such attempts is the nearly incompressible MHD (NI-MHD) model of Zank
and Matthaeus [1,2] (hereafter, ZM). The NI-MHD model formulated by ZM
has its antecedents in the pseudosound theory of Lighthill [3] for compressible
hydrodynamic (HD) turbulence. Lighthill’s work provided the stimulus for
analogous MHD applications by Montgomery et al. [4], Shebalin and Mont-
gomery [5], and Matthaeus and Brown [6] as well as the development of nearly
incompressible HD [7] which preceded the development of NI-MHD by ZM.
Independently, Grappin et al. [8] have pointed out that the MHD variant of
pseudosound theory can also be viewed as an extension of the HD theory of
Kliatskin [9].

In its basic form, the equations of the NI-MHD model are similar to those
of the reduced MHD (RMHD) model [10] which has proved to be extremely
useful in describing nonlinear MHD dynamics in tokamak or solar coronal
plasmas. (The derivation of NI-MHD given by ZM suggests that RMHD is a
subset of NI-MHD.) Tokamak as well as solar coronal plasmas are typically
permeated by a strong magnetic field and characterized by low values of
the plasma beta (β) (that is, β � 1). Exploiting the fact that solar wind
turbulence in the plasma frame is characterized by low values of the turbulent
Mach number, ZM show, by means of an asymptotic expansion in powers of
the Mach number, that the equations of compressible MHD reduce to the
NI-MHD equations.

One of the interesting but surprising conclusions of ZM is that the NI-
MHD equations are valid for solar wind plasmas even when β ∼ 1. Since the
pressure fluctuations in the NI-MHD equations are decoupled, at leading or-
der, from the dynamical equation for the velocity field fluctuations, ZM claim
that compressible fluctuations are enslaved to incompressible dynamics. If
true, this result is a remarkable simplification of the problem of compressible
MHD turbulence in the solar wind (as well as in parts of the ISM) because
one can then rely on analytical or numerical results derived from a leading-
order incompressible MHD calculation and calculate the higher-order density
fluctuations convected passively by an incompressible flow field.

The NI-MHD theory predicts that the root-mean-square pressure fluctua-
tion (normalized by the background plasma pressure) in the solar wind should
be O(M2), where M is the Mach number of the turbulence. This prediction
has been tested by detailed comparison with observations from Voyager as
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well as Helios 1 and 2 [11–13]. From Fig. 3 of Tu and Marsch [12], who con-
sidered a large dataset from Helios 1 and 2 between 1 and 7 AU, we see that
although there some data points are O(M2) scaling, most of the data points
are distributed in the range between O(M2) and O(M).

Motivated in part by these discrepancies between observations and the
NI-MHD model, Bhattacharjee, Ng and Spangler [14] (hereafter, BNS) have
formulated a new system of reduced equations for MHD turbulence, referred
to hereafter as the four-field equations, valid for β ∼ 1 plasmas. They too as-
sume, following ZM, that the plasma is permeated by a background magnetic
field and that the Mach number of the turbulence is small. However, unlike
ZM who assume that the background magnetic field is spatially uniform,
BNS allow the background field to be spatially nonuniform and capable of
sustaining a nonvanishing plasma current density and pressure gradient. BNS
then show that the compressible, three-dimensional (3D) MHD equations can
be simplified to a system involving four scalar variables: the magnetic flux,
the parallel vorticity (i.e., the component of vorticity parallel to the mean
magnetic field), the perturbed pressure, and the parallel flow. This four-field
system represents a generalization of NI-MHD (a two-field system at lead-
ing order) to plasmas with β ≤ 1, and includes NI-MHD as a special case.
The four-field system reduces to NI-MHD when (i) the background magnetic
field is constant in space and all spatial inhomogeneities in the background
quantities are neglected, and/or (ii) when β � 1. This reduction delineates
clearly the restricted domain of applicability of NI-MHD, and suggests that
although NI-MHD may apply to specific numerical experiments or to a se-
lected subset of observations, it cannot be expected to account for as broad
a dataset as shown in [12].

An important attribute of the four-field equations is that in a spatially
inhomogeneous β ∼ 1 plasma, the four field variables, that is, magnetic flux,
parallel vorticity, pressure and parallel flow, are coupled to each other. This
coupling has significant implications for the scaling of root-mean-square pres-
sure fluctuations. In the presence of spatial inhomogeneities, the first-order
pressure or density fluctuations evolve to non-zero values even if they are
chosen to be zero initially, and modest inhomogeneities are enough to raise
the level of these fluctuations to O(M) values. Thus, we suggest that the level
of fluctuations seen in [12] can be attributed to the effect of spatial inhomo-
geneities in the background plasma pressure and magnetic fields, neglected
in NI-MHD.

The four-field model also offers an answer to the fundamental question: Do
the effects of plasma compressibility enter the fluctuation dynamics at leading
order for β ∼ 1 plasmas, or are the effects of compressibility a higher-order
phenomenon enslaved to a leading-order incompressible description, as seen in
the NI-MHD model? It is shown that when there are spatial inhomogeneities
in the background magnetic field and plasma pressure, the effects of plasma
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compressibility enter the dynamical equation for the pressure fluctuation at
leading order.

Another outstanding question confronting MHD turbulence theory is the
nature and scaling of the turbulent energy spectrum. Evidence for anisotropic,
probably magnetic field-aligned turbulence is strongly suggested by radio
wave scintillation studies of heliospheric and interstellar turbulence. Radio
wave scattering in the solar wind close to the Sun is highly anisotropic, with
the “long axis” of the irregularities being in the radial, magnetic field-oriented
direction and with axial ratios in excess of 10:1 [15,16]. Anisotropic scatter-
ing, indicative of anisotropic irregularities, is also a general characteristic of
interstellar scattering [17–19]. The observed ratios are smaller than in the
heliospheric case, but this may be due to averaging by integration along the
line of sight. It seems likely that the axial ratio of the density irregularities
exceed the maximum observed factors of 4:1 [18].

The existence of anisotropy in both heliospheric and interstellar plasmas
and its implications for spectral scaling laws is a significant challenge for
theory. Even when the background consists of a spatially uniform plasma
embedded in a constant magnetic field, the precise nature of wave-wave in-
teractions and the form of the energy spectrum has been a subject of some
debate [20–25]. All of the studies cited concur, however, that the energy spec-
trum is strongly anisotropic in the presence of a uniform magnetic field. In the
weak-turbulence limit, we present here some new analytical and numerical
results on the anisotropic energy spectrum.

The following is a layout of this paper. In Sect. 2, we review the main
assumptions and equations underlying the four-field model. In Sect. 3, we
derive the NI-MHD model as a special case of the four-field model. In Sect. 4,
we present numerical simulation results based on the four-field equations
that illustrate the connection between spatial inhomogeneities and enhanced
pressure fluctuations. In Sect. 5, we review some exact analytical results
on the dominance of three-wave interactions in weak turbulence theory and
present the results of a numerical experiment that relies on the analytical
results to obtain the anisotropic energy spectrum.

2 The Four-Field Model

The compressible resistive MHD equations are

ρ

(
∂

∂t
+ v · ∇

)
v = −∇p +

1
4π

(∇×B)×B , (1)

∂B

∂t
+∇× (B × v + ηcJ) = 0 , (2)

∂ρ

∂t
+∇ · (ρv) = 0 , (3)

d

dt

(
p

ργ

)
=

γ − 1
ργ

η |J |2 , (4)
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where ρ is the plasma density, v is the fluid velocity, p is the plasma pressure,
B is the magnetic field, J = c∇ × B/4π is the current density, c is the
speed of light, η is the plasma resistivity and γ is the ratio of specific heats.
We cast (1)–(4) in dimensionless form by scaling every dependent variable
by its characteristic (constant) value, designated by a subscript c (which
should be distinguished from the speed of light). We define the sound speed,
Alfvén speed, Mach number, Alfvén Mach number, and the plasma beta,
respectively, by the relations

C2
s ≡ (∂p/∂ρ)c , (5a)

V 2
A ≡ B2

c/4πρc , (5b)
M2 ≡ v2

c/C2
s , (5c)

M2
A ≡ v2

c/V 2
A , (5d)

β ≡ 4πpc/B2
c = M2

A/γM2 . (5e)

In terms of scaled (dimensionless) variables, (1), (2), and (4) can be written

ρ

(
∂

∂t
+ v · ∇

)
v =

1
ε2

[
−∇p +

1
β

(∇×B)×B

]
, (6a)

∂B

∂t
+∇× (B × v + ηJ) = 0 , (6b)

d

dt

(
p

ργ

)
=

γ − 1
βργ

η |J |2 , (6c)

where ε ≡ √γM , with J = ∇ × B, and (3) retains its present form. (Dis-
tance and time are scaled by the system size and the Alfvén time, respec-
tively.) Since (1)–(4) are invariant under Galilean transformations, we choose
to work in a reference frame that is stationary with respect to the plasma.
The parameter ε, which is essentially the Mach number of the turbulence, is
assumed to be much smaller than one and provides the basis for an asymp-
totic expansion of the dependent variables. We write

B = B0 + B1 + · · · ,

v = v1 + · · · ,

ρ = ρ0 + ρ1 + · · · ,

p = p0 + p1 + · · · , (7)

where all O(1) quantities are denoted by subscript zero, and O(ε) quantities
by the subscript one. Note that any large-scale, uniform flow of the plasma
with respect to the laboratory frame has been transformed away by moving
to the plasma frame (i.e., v0 = 0).

In the four-field model, the background quantities obey the magnetostatic
equilibrium condition

∇p0 =
1
β

(∇×B0)×B0 , (8)
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which continues to hold even as the (first-order) fluctuations evolve in time.
In the NI-MHD model, the background quantities are assumed to be

p0 = 1 ,B0 = ẑ , (9)

which is a special solution of (8). We shall consider the special case (9) in
Sect. 3, but propose to develop our model with more general solutions of (8) in
mind, allowing for the presence of spatial inhomogeneities in the background
plasma variables.

The form of (6a) and (8) motivate the transformations B →
√

βB, J →
ε
√

βJ , η → η/ε2, v → v/ε, ∇ → ε∇, so that B ∼ O(1/
√

β), v ∼ O(ε), and
∇ ∼ O(1/ε). Under these transformations, (6a) and (8) become

ρ

(
∂

∂t
+ v · ∇

)
v = −∇p + (∇×B)×B , (10)

and
∇p0 = (∇×B0)×B0 , (11)

respectively. Also, (3) and (4) may be combined to yield

∂p

∂t
+ v · ∇p + γp∇ · v = (γ − 1)η |J |2 . (12)

Under these transformations, (6b) remains unchanged while (6c) returns to
the form (4), with J = ∇×B.

As shown by BNS, the momentum equation (10) yields the condition

p1 + B0 ·B1 = 0 . (13)

Hence, the magnetic field fluctuation can be represented as

B1 = ∇⊥A× b− p1b , (14)

where b ≡ B0/B2
0 and A is the perturbed flux function. To O(1), (12) yields

the condition
∇⊥ · v1 = 0 , (15)

which implies that the perturbed flow is incompressible in the (local) two-
dimensional plane perpendicular to B0. By (15), the velocity fluctuation can
be represented as

v1 = ∇⊥φ× b− v1b , (16)

where φ is a stream function and v1 is the parallel flow. Equations (14) and
(16) contain four field variables: A, p1, φ, and v1. BNS demonstrate that the
compressible resistive MHD equations (1)–(4) can be reduced to the four-field
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system:

dA

dt
= B0 · ∇φ + η∇2

⊥A , (17)

ρ0
dΩ

dt
= DJ + 2b×∇P · ∇⊥p1 −

(
b · ∇B2

0

)
J , (18)

dp1

dt
= −v1 · ∇p0 +

γp0

γp0 + B2
0

[
2v1 · ∇P + Dv1 + η∇2

⊥p1

]
, (19)

ρ0
dv1

dt
= Dp1 + B1 · ∇p0 , (20)

Here

Ω ≡ −∇2
⊥φ , (21a)

J ≡ −∇2
⊥A , (21b)

P ≡ p0 + B2
0/2 , (21c)

d

dt
≡ ∂

∂t
+ v · ∇⊥ , (21d)

D ≡ (B0 + B1⊥) · ∇ , (21e)

∇⊥ ≡ ∇− B̂0B̂0 · ∇ , B̂0 ≡ B0/B0 , (21f)

ρ0 ≡ p
1/γ
0 . (21g)

The derivation of the four-field equations by BNS does not restrict the
background inhomogeneous magnetic field and pressure in any way except for
the requirement that they satisfy (8) which permits an infinity of solutions
with spatial dependencies in the magnetic field as well as the pressure. For
very low or zero values of β, (8) permits spatially dependent force-free mag-
netic fields of which the vacuum field is a special case. The solution (9) which
is the starting point of NI-MHD is, in fact, the simplest non-trivial example
of a vacuum field. In Sect. 3, we derive the equations for the NI-MHD model
as a special case of the four-field equations.

3 The NI-MHD Model

In order to derive the NI-MHD equations from the more general four-field
equations, it is convenient to write

B0 =
ẑ√
β

+ Bs , (22)

where Bs represents the spatially inhomogeneous part of the background
magnetic field which has been separated from a constant part. The separa-
tion assumed in writing (22) is not required for the validity of the four-field
equations, but allows us to establish the conditions under which the NI-MHD



8 Bhattacharjee and Ng

equations hold. We now observe:
(i) If Bs → 0, then (17) and (18) simplify to the NI-MHD system with two
field variables A and φ. Equations (19) and (20) decouple from (17) and (18)
in this limit, and we recover the results of ZM. The equations for A and φ in
the NI-MHD model are

dA

dt
= B0 · ∇φ + η∇2

⊥A , (23)

ρ0
dΩ

dt
= DJ . (24)

(ii) The case β � 1 is effectively the same as Bs → 0, and conclusion (i)
again holds.

In general, if β ∼ 1, the effect of compressibility enters the dynamics at
leading order and cannot be enslaved to an incompressible flow field. In this
general case, p1 6= 0 and ρ1 6= 0 which differs from the predictions of the
NI-MHD model. Due to the dynamical coupling at leading order between
the pressure fluctuations and the flow field, brought about by the presence
of spatial inhomogeneities, the first-order pressure and density fluctuations,
even if they are small initially, can increase to the level of the Mach number.

Before we conclude this section, we remark on the role of a pressure-
balanced structure (PBS) in the four-field model. An interesting simplifica-
tion of the four-field equations occurs if we specialize to a PBS which obeys
the relation P ≡ p0 + B2

0/2 = constant. Then (17) and (18) decouple from
(19) and (20), but (18) contains the additional term

(
b · ∇B2

0

)
J , absent

in NI-MHD. This implies that pressure-balanced structures obey dynamical
equations slightly more general than NI-MHD. However, we repeat for em-
phasis that the equation governing pressure fluctuations associated with a
PBS in the four-field model remains decoupled from (18) and (19) (as in NI-
MHD). This suggests that the mere presence of spatial inhomogeneities in a
PBS is not enough to raise the level of pressure (or density) fluctuations to
order M if they are small initially. In other words, if we are to understand the
data on pressure fluctuations presented in Fig. 3 of [12] within the framework
of the four-field model, we cannot do so by merely generalizing (8) to include
only pressure-balanced structures. The background magnetic field must also
include inhomogeneities associated with the curvature of magnetic field lines,
absent in a PBS. The initial condition discussed in Sect. 4 does not obey the
condition P ≡ p0 + B2

0/2 = constant which, as we show below, leads to the
generation of density fluctuations of order M .

4 Four-Field Simulations: Implications for Pressure
Fluctuations

We represent the initial magnetic field as

B0 = ∇⊥0A0(x, y)× ẑ + B0ẑ , (25)
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where
∇⊥0 = x̂

∂

∂x
+ ŷ

∂

∂y
, (26)

and A0(x, y) is the mean flux representing the spatially inhomogeneous com-
ponent of the initial magnetic field in the x-y plane. Assuming periodic
boundary conditions in x and y, an exact solution of (11) is

A0 = a (cos 2πx− sin 2πy) , (27)

with
p0 = 1 + 2π2A2

0 . (28)

In the initial state, we take the plasma β to be equal to one, held fixed at
this value in all the four-field runs. Since the four-field equations have been
derived with the ordering p0 ≤ O(1), and p0 is assumed to have the functional
form (28), we must constrain the function A0 by the inequality 2π2A2

0 ≤ 1.
Since the maximum magnitude of A0 is 2a, the parameter a is constrained
by the inequality a < 0.1125.

In order to follow the time-evolution of this initial state, we have devel-
oped a 2 1/2-D pseudo-spectral code for the four-field equations. Periodic
boundary conditions are applied in x and y, and all dependent field variables
are represented in Fourier series, such as

φ(x, y) =
∑
mn

φmne2πi(mx+ny) , (29)

where m and n are integers. We refer the reader to BNS for more details of
the numerical method, and limit ourselves here to a discussion of the link
between spatial inhomogeneities and enhanced pressure fluctuations.

Figure 1 shows a contour plot of level surfaces of the mean flux A0 on the
x-y plane. This is a 2D projection of four flux tubes carrying currents, two
parallel and two anti-parallel to ẑ. The tubes are unstable to the coalescence
instability which arises from the tendency of two opposite current-carrying
tubes to attract each other. The tubes coalesce, squeezing magnetic flux and
generating thin current sheets in-between them. Due to the presence of finite
resistivity, magnetic reconnection occurs at the separatrices, facilitating the
process of coalescence.

The results of NI-MHD are recovered as a smooth limit of four-field MHD
when the limit a → 0 is taken. When a is very small (≤ 10−6), numerical
results demonstrate that the overall dynamics of the four-field system is very
similar to NI-MHD dynamics (a = 0). However, even with moderate values a
(= 10−4, 10−3), there are significant dynamical differences between four-field
and NI-MHD dynamics.

Figure 2 shows the level of prms in the quasi-saturated state (indicated by
diamonds) as a function of M for different values of a, with M(t = 0) ≈ 0.01.
In order to quantify the approximate saturation level of the fluctuations, two
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Fig. 1. Contour plot of the background inhomogeneous field A0 [given by (25)]

lines are drawn: a solid line corresponding to the level prms = M , and a
dashed line corresponding to the level prms = M2. We note that saturated
values of prms approach the line prms = M as the parameter a increases.
Even for values of a as small as 0.04, the condition prms = M is attained. This
trend persists for higher values of a. Similar qualitative features also appear
for higher initial values of M , as shown by data from runs with M(t = 0) ≈
0.1 (indicated by stars).

Fig. 2. The level of the root-mean-square value of the first order pressure prms in
the quasi-saturated state as a function of the Mach number M for different values
of a, for M(t = 0) ≈ 0.01 (diamonds) and M(t = 0) ≈ 0.1 (stars). The solid line
corresponds to prms = M , and the dashed line to prms = M2
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Note that when a is small enough (≤ 10−4) the quasi-saturated level of
the pressure fluctuation lies below the prms = M2 line. This implies that the
contribution from p1 to the total pressure fluctuation may actually become
subdominant to the second order contribution p2 which is not zero in general.
In the small a limit, we thus recover ZM’s result that the pressure fluctuations
are second order.

We have focused above on the issue of the scaling of the pressure fluc-
tuations with the Mach number of the turbulence, identified in [12] as an
outstanding feature of observations. The numerical results show that in the
presence of spatial inhomogeneities, the four-field model produces density
fluctuations that increase from O(M2) to O(M) as the inhomogeneity pa-
rameter is increased. We thus conclude that if heliospheric and interstellar
turbulence exists in a plasma with large-scale, non-turbulent spatial gradi-
ents, one expects the pressure fluctuations to be of significantly larger mag-
nitude than suggested in nearly incompressible models such as pseudosound.

5 Anisotropic Spectra in Weak Turbulence Theory

In the presence of a directed magnetic field, MHD turbulence tends to exhibit
a pronounced anisotropy. The main goal of this section is to examine, in the
limit of weak turbulence, the nature and scaling of the anisotropic spectrum
in a plasma permeated by a spatially uniform magnetic field B = B0ẑ. As
discussed above, the four-field equations reduce in this simple case to the
NI-MHD (or RMHD) equations.

Weak magnetohydrodynamic turbulence in the presence of a uniform mag-
netic field is dominated by three-wave interactions that mediate the collisions
of shear-Alfvén wave packets propagating in opposite directions parallel to
the magnetic field. This dominance of three-wave interactions has been known
since the advent of the Iroshnikov–Kraichnan theory [26,27], and has been
the subject of a few recent papers [21,22,25]. Using the ideal NI-MHD equa-
tions, Ng and Bhattacharjee (NB) [22] calculate in closed form the three-wave
and four-wave interaction terms, and show the former to be asymptotically
dominant if the wave packets have non-zero k‖ = 0 components. To keep this
discussion self-contained, we begin with a summary of relevant results by NB.

The ideal NI-MHD equations (23) and (24) can be rewritten as the system
of equations,

∂Ω

∂t
− ∂J

∂z
= [A, J ]− [φ,Ω] ,

∂A

∂t
− ∂φ

∂z
= −[φ,A] , (30)

where the magnetic field is given by B = ẑ + ∇⊥A × ẑ with A as the
magnetic flux function, the flow velocity is given by v = ∇⊥φ × ẑ with φ
as the stream function, and [φ,A] ≡ φyAx − φxAy. The parallel vorticity is
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then Ω = −∇2
⊥φ, and the parallel current density is J = −∇2

⊥A. Note that
we have normalized the background uniform magnetic field in the ẑ-direction
to have unit magnitude, and the density has been chosen so that the Alfvén
speed VA = 1.

For weak interactions between two colliding shear-Alfvén wave packets f±

traveling in the ±ẑ directions, we write perturbative solutions of the form

φ = f−(x⊥, z−) + f+(x⊥, z+) + φ1 + φ2 + · · · ,

A = f−(x⊥, z−)− f+(x⊥, z+) + A1 + A2 + · · · , (31)

where x⊥ = (x, y) is perpendicular to ẑ and z± = z∓t. Here f±(x⊥, z±) rep-
resents Alfvén wave packets that propagate non-dispersively with the Alfvén
speed VA = 1. These exact solutions propagate inward from z = ∓∞ at
t → −∞, retaining their form, until they collide. Because of the intrinsic
nonlinearity of (30), the interaction of two colliding wave packets cannot be
simply described by linear combinations of f±(x⊥, z±) , for the linear com-
binations are not exact solutions of (30). For given zero-order fields f±, we
can then calculate the first-order fields in (31) from the equations

∂Ω1

∂t
− ∂J1

∂z
= 2

{[
f+,∇2

⊥f−
]
+

[
f−,∇2

⊥f+
]}
≡ F , (32a)

∂A1

∂t
− ∂φ1

∂z
= 2[f−, f+] ≡ G . (32b)

This is a radiation equation for the first-order fields, with the source term
determined by the overlap of the given zero-order fields f+ and f−. The
source term is localized both in space and in time, assuming that the func-
tional forms of f± are chosen so that the wave packets are localized in z. The
asymptotic expression of φ1, A1 can be written,

φ1(x⊥, t →∞) → f−1 (x⊥, z−) + f+
1 (x⊥, z+) , (33a)

A1(x⊥, t →∞) → f−1 (x⊥, z−)− f+
1 (x⊥, z+) , (33b)

where

f±1 (x⊥, z) = π

∫ [
F̃ ′(k,±kz)∓ G̃(k,±kz)

]
eik·xdk , (34)

with F̃ ′(k, ω) ≡ F̃ (k, ω)/k2
⊥ and F̃ (k, ω) is the Fourier transform of F (x, t),

defined by

F (x, t) =
∫

F̃ (k, ω)ei(k·x−ωt)dkdω .

The Fourier transform G̃(k, ω) is similarly defined.
To simplify the calculation that follows, we consider the case in which the

functions f±(x⊥, z) are separable, i.e., f±(x⊥, z) = f±⊥ (x⊥)f±(z). (The cal-
culation can also be carried through in the more general case when f±(x⊥, z)
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can be written as a sum of such separable terms, which is always possible as
long as the boundary conditions in x⊥ are periodic.) Then we can write

F (x, t) = F⊥(x⊥)f+(z+)f−(z−) , G(x, t) = G⊥(x⊥)f+(z+)f−(z−) ,

F̃ (k, ω) =
1
2
F̃⊥(k⊥)f̃+(κ+)f̃−(κ−) , G̃(k, ω) =

1
2
G̃⊥(k⊥)f̃+(κ+)f̃−(κ−) ,

where κ± ≡ (kz ± ω)/2, f̃(κ±) is the one dimensional Fourier transforms of
f±(z±), F̃⊥ and G̃⊥ are the two dimensional Fourier transforms of F⊥ and
G⊥. We obtain

f±1 (x⊥, z±) = πu±⊥(x⊥)f̃∓(0)f±(z±)/2 , (35)

where
u±⊥(x⊥) =

∫ [
F̃ ′
⊥ ∓ G̃⊥

]
eik⊥·x⊥dk⊥ , (36)

and f̃∓(0) is the kz = 0 Fourier component of f±(z), with F̃ ′
⊥(k⊥) ≡

F̃⊥(k⊥)/k2
⊥.

We note that the expression (36) for three-wave interactions preserves the
z-dependence of the zero-order fields. This implies that there is no energy
transfer parallel to the magnetic field. However, as pointed out by NB, four-
wave interactions do not generally preserve the z–dependence of the zero-
order fields and exhibit harmonic generation, and can, in principle, contribute
to parallel energy transfer. Since three-wave couplings are much larger than
four-wave couplings for weak turbulence, we neglect the effect of parallel
energy transfer. Using (36), we can then calculate explicitly the scaling of
three-wave interactions. Specifically, our objective is to calculate the spectral
indices of the three-wave fields as functions of the spectral indices of the
zero-order fields.

Imposing periodic boundary condition in x⊥, we can write

f±⊥ (x⊥) =
∑
mn

f±mne2πi(mx+ny) , (37)

where f±mn are constants. Let the energy spectra have the form

E±(k⊥) ∝ k
−µ±
⊥ or

∣∣f±mn

∣∣ ∝ (m2 + n2)−(3+µ±)/4 , (38)

where µ± are the spectral indices. The profiles of the three-wave interaction
fields can then be calculated by

u±⊥(x⊥) =
∑
mn

[F ′
mn ∓Gmn] e2πi(mx+ny) =

∑
mn

u±mne2πi(mx+ny) , (39)

having spectral indices ν±, i.e., |u±mn| ∝ (m2 + n2)−(3+ν±)/4, where F ′
mn =

Fmn/(2π)2(m2 + n2) with∑
mn

Fmne2πi(mx+ny) = 2
{[

f+
⊥ ,∇2

⊥f−⊥
]
+

[
f−⊥ ,∇2

⊥f+
⊥

]}
,∑

mn

Gmne2πi(mx+ny) = 2[f−⊥ , f+
⊥ ] . (40)
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It is found both analytically and numerically that [28]

ν+ ≈ µ− , ν− ≈ µ− − 2 for µ+ � µ− , (41a)
ν+ ≈ µ+ − 2 , ν− ≈ µ+ for µ+ � µ− . (41b)

Our main objective now is to determine how the spectrum of an Alfvén
wave packet changes in time after many collisions with wave packets coming
from the opposite direction. To be specific, let us consider the evolution of
a f+ field interacting with a sequence of random f− fields. From (39) and
(40), we deduce that

∂Ψ+

∂t
= −[f−, Ψ+] + [f−x , f+

x ] + [f−y , f+
y ] , (42)

where Ψ+ = −∇2
⊥f+. Numerically, the Fourier amplitudes f−mn are randomly

chosen for a given spectral index µ− in every time step τA. The time step has
to be chosen small enough to satisfy the weak turbulence assumption and to
represent the fact that each wave packet in the sequence of f− is uncorrelated
with each other. Also, in order to have a better resolved inertial range of the
f+ spectrum, a hyper-dissipation term of the form η∇6

⊥Ψ+ is added to the
right hand side of (42) with a suitably chosen η so that the inertial range is
resolved with an index that is insensitive to the value of η. Equation (42) is
then solved by a pseudo-spectral method for different values of µ− and for
different levels of resolution, up to 10242, until the f+ spectrum reaches a
quasi-steady state when inertial range index is roughly a constant with only
small temporal fluctuations.

Fig. 3. The spectra of the f+ field with µ− = 2 for different resolution level in-
dication beside each curve. A vertical separation is added in between each pair of
spectra for clarity
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Figure 3 shows the f+ spectra for the case with µ− = 2 for different
resolution levels. We see that the inertial range for all runs roughly have the
same index, µ+ ≈ 2. In this case, we obtain the anisotropic energy spectrum
k−2
⊥ . This result has been derived earlier by dimensional analysis [20,22,24]

and more recently, by careful analytical and numerical work based on a weak
turbulence formalism [25].
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