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(B. S., The Chinese University of Hong Kong, 1986)

94 Typed Pages

Directed by D. Gary Swanson

An analytical method is developed to calculate some scattering parameters from
mode conversion equations which models the wave propagation in weakly inhomo-
geneous media near a back-to-back resonance-cutoff pair. The result is an analytic
series expression. This method is applied to calculate the nonzero fast wave reflec-
tion coefficient from a fourth order equation which can model cases such as second
ion cyclotron harmonic, second electron cyclotron harmonic, and some other sit-
uations. Numerical values from this series are compared to those calculated by
the conventional method, namely, solving an integral equation iteratively. They
agree with each other very well whenever both the series and the iteration converge.
This result is based on a new method of evaluating integrals derived from the inte-
gral equation without having to solve the equation itself. Some empirical formulas

based on the conventional method are shown to be good approximations but not

v



exact identities. We also calculate the nonzero reflection coefficient for a sixth order
equation which models cases like the third ion or electron harmonic. The general
characteristic for this reflection coefficient is very similar to that of the fourth order
equation and the convergence properties of the series of both cases are also very
similar. The proof shows that some scattering parameters are independent of ab-
sorption in the fourth order equation, which represents coupling between three wave
branches, is extended to a sixth order equation, which represents coupling between
five wave branches. The previous proof was done by considering contours in the
u-plane, but this extended proof is in the k-plane, where k£ = itanu, because the
u-plane is not convenient in this five branch problem. The analytic method is ap-
plied to this sixth order equation to calculate a nonzero mode conversion coefficient
between the two fast wave branches that have different wavelengths but propagate
in the same direction, and the reflection coefficient for the fast wave with the longer
wavelength. Empirical formulas are found for these two coefficients. It is shown that
this mode conversion coefficient is not exactly independent of absorption. However,
it is found that the dependence is weak if the ratio of the wavelengths of the two type
of fast waves does not differ greatly from unity. This explains a previous numerical
result showing that this coefficient was independent of absorption to the numerical
accuracy. The series found by this method does not always converge numerically. In
some cases, this is because of the limited numerical accuracy of the computer, but
in some other cases, the divergence seems intrinsic. The study of the convergence
properties of this kind of series, or attempts to sum it analytically, should be a

challenging and interesting research topic in the future.
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ANALYTIC CALCULATIONS OF CERTAIN
SCATTERING PARAMETERS FROM MODE
CONVERSION EQUATIONS

CHAPTER 1



[. INTRODUCTION

Effects like transmission, reflection, mode conversion and absorption usually exist
when a wave propagates in a weakly inhomogeneous medium through a back-to-back
resonance-cutoff region which occurs at harmonics of the cyclotron frequencies in
a hot magnetized plasma. These phenomena can be modeled by different kinds of
high order one dimensional ordinary differential equations (called mode conversion
equations here). One of the simplest kinds of these is a fourth order equation of the

form(1, 2, 3, 4]

PN+ ) +af =0, (1.1)

where A and 7 are real constants. This is the mode conversion equation without

absorption. Adding the absorption, the equation becomes[5, 6, 7|

P+ N2 + ) + ¥ = h(z) (" + 1) , (1.2)

where h(z) is the absorption function which generally must fall off at least as fast as
27! as |z| = oco. For |z| — oo, i.e. the asymptotic region, this equation reduces to
Eq. (1.1). This equation can model many different physical situations which involve
a resonance. We will explicitly consider two of them later: (i) second ion cyclotron
harmonic with v > —1; (ii) second electron cyclotron harmonic with v < —1.

Some other physical situations such as the two ion hybrid[7] and electron O-mode

fundamental[4] can also be modeled by this equation.



Let us discuss the reason why mode conversion effects are so important in con-
sidering wave propagation in an inhomogeneous plasma. The first step to treat a
wave propagation problem is to consider a wave in a uniform medium, such as a
cold magnetized plasma. The dispersion relation that the wave has to satisfy in
order to propagate in the medium can be derived by the Maxwell Equation, making
use of the dielectric tensor of the medium, see, e.g., [4]. This dispersion relation
can be expressed as a phase velocity surface or a wave vector surface for a given
frequency. It is well known that the topology of these surfaces for a cold plasma can
be classified into regions in the CMA diagram which depends on only two plasma
parameters, the density and the magnetic field strength. That is, the topology of
the wave vector surface is the same inside each region, but will change across the
boundary of that region. What happens on the boundaries is that there is either a
cutoff (with refractive index being zero), or a resonance (with refractive index being
infinite).

Back to the problem of an inhomogeneous plasma, the density and magnetic
field strength are now functions of position (consider a steady state situation). A
wave propagating in an inhomogeneous plasma will generally cross the boundaries
of the CMA diagram, passing through a cutoff or a resonance. However, a true
resonance is not allowed in a realistic physical process. There have to be some
mechanisms to resolve these resonances, for example, by warm plasma effects. It
has been demonstrated by Stix[8] that some resonances will be resolved to a back-
to-back resonance-cutoff pair and that some wave energy will be converted into a
warm plasma wave. Swanson has also shown that linear mode conversion is always

involved to some extent in resolving every plasma resonance in an inhomogeneous



plasma[7, 4]. It is also found that mode conversion can happen in a warm plasma
where there is no corresponding resonance in a cold plasma, e.g., when the wave
frequency is close to the harmonics (not including the fundamental) of ion or elec-
tron cyclotron frequency. So we see that the mode conversion process is present
in most situations of wave propagation in an inhomogeneous plasma. Because of
this, the mode conversion effects have been applied for heating or diagnosis of fusion
plasmas[9]-[16], since most laboratory plasmas are inhomogeneous. Determinations
of the scattering parameters (transmission, reflection and mode conversion coeffi-
cients) are very important for these applications.

One possible way to describe mode conversion effects and to calculate the scat-
tering parameters is to model the physics by mode conversion equations mentioned
above. The basic steps to derive these model equations is by first considering a warm
plasma with an inhomogeneity in one dimension only and require the inhomogene-
ity to be weak enough such that it can be approximated by constant and linear
terms. For example, the mode conversion equations we discuss in this dissertation
are derived by considering a linear inhomogeneity of the magnetic field strength in
a direction perpendicular to the direction of the magnetic field itself. The warm
plasma dispersion relation, which now depends on spatial position, is then used and
its series expansion in the Larmor radius is truncated by using a small Larmor ra-
dius approximation. Finally, the component of the wave vector along the direction
of the inhomogeneity is converted to a differential operator. A high order one di-
mensional ordinary differential equation to model the mode conversion effect can

thus be obtained. Historically, such model equations started with simpler forms. A



second order equation called the Budden equation,

2(f"+f)+2nf/r=0,

which models a cold plasma back-to-back pole and zero pair, was first analyzed by

Budden[17] with the transmission and reflection coefficients obtained analytically,
T?=e¢?, R’=(1-T%*or 0.

However, since T2 + R? < 1, the energy is not conserved. Moreover, it cannot
describe the conversion to a warm plasma wave. Another equation studied earlier

is the fourth order equation
[+ X"+ af +8f)=0.

This equation was studied by Wasow[18] with o = 0, and later by Rabenstein[19]
with @ # 0 and complex «, 3. Based on their results, Stix[8] described the mode
conversion between cold and warm plasma waves. He also discussed the necessity
of the fourth order term in order to resolve the singularity[20]. A review of these
early works was given by Golant and Piliya[21]. The v+ 1 > 0 case of Eq. (1.1) was
analyzed independently by Erokhin[1] and by Ngan and Swanson[2]. The y+1 < 0
case was analyzed by Faulconer[22] and by Antonsen and Manheimer[23], using
different methods. Up to here, the scattering parameters of these model equations
can be obtained analytically. After including the effects of absorption, Eq. (1.1)
becomes Eq. (1.2)[5, 6, 7]. The scattering parameters of this equation were first
calculated numerically by an integral equation method[5].

It has been pointed out that odd order derivatives should be added to Eq. (1.1)

and (1.2), with a much more complicated expression on the right hand side of



Eq. (1.2), in order to conserve energy|7]. However, from previous numerical results,
the scattering parameters found by both sets of equations are close, especially for the
reflection coefficient Rs[7], so we will use the simpler equations for our analysis. We
believe that the method we develop here should also work for the energy conserving
equations, since the two sets of equations are very similar.

Analytic expressions for the scattering parameters, i. e., transmission, reflection
and mode conversion coefficients, for Eq. (1.1) have long been known[4]. Solutions
for Eq. (1.2), and thus scattering parameters, can be found by solving an integral
equation iteratively, making use of the numerical solutions of Eq. (1.1) and of the
adjoint equation of it[7] (note that Eq. (1.1) is not self-adjoint). Then the scattering
parameters can be expressed by integrals I;;, with integrands being proportional to
the product of h(z) and solutions of the adjoint of Eq. (1.1) and Eq. (1.2) along the z-
axis. Some empirical formulas have been found for these scattering parameters, e.g.,
|Ro|? & R%, exp(—2x?) for the case (i) mentioned above, and |Ry|* ~ R2, exp(—14x?)
for case (ii), where R3, = [1 —exp(—2n)]?, with n = m(1+~)/2\%. The parameter &
is a measure of the absorption strength. The dependence of k on plasma parameters
for the two physical cases will be presented in Chapter II.

Recently, by extending solutions of Eq. (1.1) and Eq. (1.2) into the complex
z-plane, some of these integrals I;;, were shown to be zero identically by Swanson
and Shvets[24]. Thus, fast wave transmission coefficients from both sides (which
are equal to each other) and the fast wave reflection coefficient from the side which
encounters the resonance before the cutoff (which is identically zero), were shown
to be independent of absorption. However, analytic expressions for other scattering

parameters which do change with absorption have been unknown so far. In this



research, we go further along this direction and develop a new method that may
be used to calculate some of these nonzero integrals analytically[25]. This has been
done successfully for the nonzero reflection coefficient R, for the above two cases
(i) and (ii). The result is an analytic series expression. Numerical values from
this series for these two cases are compared to those calculated by the conventional
method, namely, solving an integral equation iteratively. They agree with each
other very well whenever both the series and the iteration converge. The empirical
formulas found from the numerical results of the integral equation method are shown
to be good approximations but not exact identities. For cases with large A2, small
n and k, the empirical formulas are very accurate as can be seen from summing
the analytical series numerically, although these formulas also work relatively well
outside this range of parameters.

We note that the above method is not the only approach used to solve the
mode conversion problem. Other methods have been developed, including, e. g.,
direct numerical integration[6], finite element[26], finite difference[27], phase space
method|[28], and order reduction|29, 30, 31, 32]. Certain partial or approximate ex-
pressions of the scattering parameters have also been reported[31, 28, 32]. However,
we will concentrate on the above integral equation method of solving Eq. (1.2) here.
We emphasize that the analytical expression for the reflection coefficient given here
is ezact in the sense that no further approximation is used after we accept Eqgs. (1.1)
and (1.2), which are in a general mathematical form that may represent many other
physical situations. In all other semianalytic methods, additional approximations

are made before evaluating the reflection coefficient.



We also apply the method to calculate the nonzero reflection coefficient of a sixth

order equation, which describes the third ion cyclotron harmonic[33],

P (1= )Y = N2(Y" + ) — v = h(2) (" + ), (1.3)

to see whether the method can apply to higher order equations. The results is very
similar to that of the fourth order equation. They both give the same approximate
empirical formula. The convergence properties of the series in both cases are also
very similar. Both the fourth order equation and the sixth order equation describe
coupling of three branches of propagating waves: two fast wave branches and a slow
wave branch on the z > (0 side. We call these three branch problems.

An equation that describes coupling of five branches of propagating waves is[34]
P+ N2+ (14 k)Y + kY] + 720" + 709 = h(2)[0™ + (1+k)Y" + k5], (1.4)

where A, 79, 7o and ky are real constants. The parameter ky is the ratio of the
wavelengths of the two fast wave branches as |z| — oo and has been chosen to be

always smaller than unity here. The dispersion relation for this equation is
—kS 4 N[kt — (14 KR + k2] — wk® + % -
This relation is plotted on Figs. 3.1 and 3.2 for two cases, namely as,y > 0 (+
case) and am, a4 < 0 (— case), where
az = (L+7—7%)/2X(1 - k),
ar = (kg — 72kg +70)/2\ko(1 — ko) - (1.5)

Egs. (1.2) and (1.4) can both describe physical situations like second ion cy-

clotron harmonic and second electron cyclotron harmonic in an inhomogeneously



magnetized plasma. It is well known that only the X-mode exists along a direc-
tion perpendicular to the magnetic field if the wave frequency w is smaller than
the plasma frequency w,. So a five branch problem only exists for w > w, and it
must be a five branch problem whenever the X-mode is propagating because the
O-mode always exists for this case. However, Eq. (1.2) is frequently used to model
the X-mode for all w. This is because the coupling between X-mode and O-mode is
usually weak (especially for small &), the component of the wave vector along the
direction of the magnetic field) and it is argued that we can treat the five branch
problem as two separated three branch problems. Moreover, since it was found that
all mode conversion coefficients of a three branch problem tend to zero as absorp-
tion increases, the coupling between the X-mode and the O-mode should become
vanishingly small when the absorption is strong.

Note that in Figs. 3.1 and 3.2, whether the k? = 1 branch represents the X-mode
(thus the k? = k3 branch represents the O-mode) or the O-mode depends on the
physical situation. In this dissertation, we call the k2 = 1 branch u-mode and the
k?* = k2 branch v-mode. For the second ion cyclotron harmonic and the second
electron cyclotron harmonic with 4w?2/3 > w® > w?, u = X and v = O. For the
second electron cyclotron harmonic with w? > 2w?, u = O and v = X.

Another mode conversion equation that describes a five branch problem is an

eighth order equation[34, 35, 36|

YU e — N2 + (14 KDY + k3] — 10" — o0

= h(2)[W"™ + (1 + kg)¥" + kgl (1.6)

which can model physical situations like the third ion or electron cyclotron harmonic.



One surprising result from a previous study was that the nonzero mode conver-
sion coefficient Cy3 from Eq. (1.6) between the X-mode and the O-mode branches
propagating in the same direction appeared to be independent of absorption to the
numerical accuracy[34, 36] (note that it is called Cy; in Ref. [36]). If this result
were true, then there is a great difficulty in understanding this by the separation
scheme. The difficulty is that for large absorption, all mode conversion coefficients
between fast and slow waves vanish for the two individual three branch problems
and it is hard to imagine why the mode conversion coefficient between the two fast
modes does not vanish after the two three branch problems are combined into a
single five branch problem since the coupling is via an intermediate slow wave. Be-
fore we investigate further along this direction, it is better to calculate the same
coefficient using other analytical methods to check this numerical result. We will
present in detail the theory for Eq. (1.4) only, but will show that the results from
both Egs. (1.4) and (1.6) are very similar.

There is a standard method to calculate all scattering parameters from mode
conversion equations like Eqgs.(1.2), (1.4) or (1.6) analytically for h = 0 [37, 38]. For
h # 0, there exists a well developed numerical method to calculate solutions and
scattering parameters from these equations[5, 7, 36]. This method involves solving
a “homogeneous equation” (i.e., with A = 0) by numerical contour integrations
and then solving the “inhomogeneous equation” by converting it into an integral
equation which is solved iteratively, using the solutions of the former equation to
form the kernel. The scattering parameters can then be calculated by numerically

integrating an integral involving h and solutions of these two equations.
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We first extend the proof of Swanson and Shvets, showing that some fast wave
scattering parameters from Eq. (1.2) are independent of absorption, to cover Eq. (1.4)
to see if the coefficient Cy3 can also be shown to be independent of absorption. This
extension turns out to be not quite straightforward. By this proof, many fast wave
scattering parameters are shown to be independent of absorption. However, as we
will see, the coefficient Cy3 is not one of them.

We then apply the analytical series method to calculate Cy3. For completeness,
we also try to apply it to calculate other nonzero fast wave scattering parameters.
It turns out that this method only works for Cy3(Cs2) and R4 which is the nonzero
reflection coefficient for the fast wave with the longer wavelength. Empirical for-
mulas are found for both coefficients. From these results, we find that Cs3 is not
identically zero, but the dependence on absorption is usually much weaker than for
other coefficients when £k is close to unity. We will also calculate C3, using the series
method to see if it is equal to Cy3 as required by the reciprocity relations which have
been proved analytically[39, 36].

In Chapter II, we will consider the three branch problem by first reviewing
the integral equation method, and thus the integral expressions which arise in the
scattering parameters. We then discuss the basic ideas of the series method and
show explicitly how to calculate Ry analytically for the ion and electron cases from
Eq. (1.2). We will also compare results from this method to those calculated by the
integral equation numerically. The results are also compared with those calculated
from Eq. (1.3). In Chapter III, we will present the integral equations of Eq. (1.4) for
both £ cases for the five branch problem and show how to generalize solutions of

the “homogeneous equation” for complex z values using contour integrations in the
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complex k-plane. Also, we will be able to see why some scattering parameters are
independent of absorption and why some scattering parameters can be calculated
by the series method. Numerical results for Cs3, R, and (3, will also be presented
there. Conclusions will be given in Chapter IV. A simple example of the integration

method used in this study will be given in the Appendix.
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II. THREE BRANCH PROBLEM

In this chapter, we describe how to apply a new method to calculate the nonzero
fast wave reflection coefficient from mode conversion equations for three branch
problems. The description for the fourth order equation (1.2) will be presented in
detail. The results for the sixth order equation (1.3) will then be presented briefly

to show that they are very similar to that of Eq. (1.2).

Fourth Order Equation

Integral equation

Eq. (1.1) can be solved exactly by using the method of Laplace[4]:

fi(z) = cj/r- lexpzg(k)] dk, j=1,2,3,4, (2.1)

J
where the I'; are contours in the complex k-plane which end at infinity with approach

angles of 7/6, 57 /6, or 37/2, and

g(k):—ik—i—é{;—;+%+(i—a)ln(k+1)+(i+a)ln(k—1)} ,

where o = (1 + 7)/2\%. With a suitable choice of constants ¢;, we can express

the asymptotic behavior of f; (note that the definitions in this dissertation are in

12
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general different from those in previous papers on the subject[4]) as

0 T 0 Cu I+ fi R, 1 Ciz3 0 f+
1 Rg 0 024 f, —002 f2 Z2—>0Q T2 0 C'23 0 f* ,
0 032 0 034 o4 f3 031 0 R3 1 S_
0 042 1 R4 g_ f4 041 0 043 0 Sy
(2.2)
for v > —1, and
R, 1 0 Cuyu J- fi 0 T Ciz O J-
T2 00 024 f+ — 0042 f2 2—0Q 1 R2 C’23 0 f+
—— == :
Csi 0 0 Cyy o4 f3 0 C3 Ry 1 Sy
041 01 R4 o_ f4 0 042 043 0 S_
(2.3)
for v < —1, with scattering parameters given by
Ry T Ciz Cu 0 T —-C 0
o T2 R2 023 024 o (0) o T 02 TC C
Si=| Cy Cp Ry Cyu | =% =| ¢ T¢c 7 1 | @4
Cun Crp Ci Ry 0o C T 1)2

where T = exp(—n),n

fs

S+

O+

=7lal, C*=1-T? and

— e /2 —4
CaP(iza) { [ A2 +aln2+z+aln\z\]}
sgn(a))\3>Q/_Z5/4 exp{ lg)\z3/2 % —7r/4]}
7—;@7; exp {gx\zr‘ﬂ + %} ,
—sgn(a)% exp {—;)\\zPﬂ — %} .

Only f1, fa, f3 are physically allowed in an unbounded region. Using these we can

find an integral equation that solves Eq. (1.2) [5, 7]:

Ur =

Je F

7>_]—)
7<_1a

foliy, + fudoy, + filsy, + fol, 4% >
filye + [l + foIfy + fol3h,

Tl
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where

+1 +oo
Gi=5— [ BWh)¥m)dy,

with
Fy=f+fi, U=+, (2.6)

and fo = fs — Cf1, fory > =1, fo =T(Cfa+Tfs), fs = fa— Cf1/T, for v < —1.
Eq. (2.5) can be solved iteratively using 1, = fr as the first trial function with
fr calculated numerically by Eq. (2.1). This can be done for the three physical
solutions, k = 1,2,3, if h(z) falls off at least as fast as z~! as |z| — oo. For the
k = 4 solution, this can be done only if h(z)o,(z) — 0 fast enough as z — —oc.
Numerically, this method converges in general, but may become divergent when the

absorption is very large. After solving Eq. (2.5), scattering parameters can be found,

making use of Eqgs. (2.2)—(2.4), by
Sik =S4 F Ljp, for £(y+1)>0,

with

L= — |7 E@h() )iz, (2.7)

T 2N e
where we have already used the fact that I;, = I;;. In particular, the integral
expression for Ry is Ry = C? F I5,. In the next section, we will show how to
calculate this integral I, analytically, without the need of solving Eq. (2.1) or

Eq. (2.5) numerically.
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Integration

To perform the integration of Iss, we must first specify the absorption function

h(z). For case (i), the second ion cyclotron harmonic with v > —1,
M) = N2k [C — 1/2(=0)] (23)

where the plasma dispersion function Z(¢) = iy/7mw(() , with w being the error
function for complex argument[40]. The dependence of the dimensionless parameters

on the plasma parameters are,

N =4(1/3+p")Va/niwBiL, v==2(1/3+p")/(1+p7),
¢=(z—2)/k=—wz/kyL, K=nikwL/Vs,
nl=1+p)1/3-p°)/(1/3+p%), p*=(kVa/w)?,
20 =—7/N,  Vai=wec 2wy,

Bi = (vi/Va)?*, v =2kgTi/m;, wp =mniq/mic ,

where n; is the ion density, ¢; is the charge of the ion, m; is the mass of the ion,
kp is the Boltzmann constant, 7T; is the ion temperature, w is the frequency of the
propagating wave which is assumed to be much smaller than the plasma frequency,
k) is the wavenumber of the wave along the direction of the magnetic field which is
assumed to be perpendicular to the direction of its gradient, L is the characteristic
length of the inhomogeneity of the magnetic field strength B(z) so that B(x) =
B(1+4xz/L), with B = m;w/2q;. For case (ii), the second electron cyclotron harmonic

with v < —1,

h(z) = Nk [¢ = 1/F1(C - 7/2)] , (2.9)
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with F,, being the relativistic plasma dispersion function [41, 42]. The dependence

of the dimensionless parameters on the plasma parameters for this case are,

N =2u(1—a/3)c/ndwal, v=-2(1-a/6)/n’,
(=(2—2)/k=—pz/L, kK=n,wL/uc,
nl=01-0a/2)1-0a/6)/(1-0a/3), a=(2we/w),

20 =—7/A*, Wpe = neqz/meéo ;= mec kT,

where n, is the electron density, g, is the charge of the electron, m, is the mass of the
electron, T is the electron temperature, w is now assumed to be larger than ﬂwpe,
ky is assumed to be zero, the magnetic field strength at z = 0 now is B = m.w/2¢..
Note that the parameter x is real and positive and is a measure of the strength of
absorption. Note that both Z({) and F,({) are analytic functions and have zeros
only in the lower half (-plane. Also, solutions F; and W, have been shown to
be analytic everywhere[24]. Then, following Ref. [24], we can change the path of
integration of I;;, defined in Eq. (2.7), to the semicircles Cy: z = Rexp(if) with
R — oo and 6 from —7 to 0 for case (i) (see Fig. 2.1), and 6 from 7 to 0 for case
(ii) (see Fig. 2.2).

In Ref. [24], solutions f; and 1, have been extended to the complex z-plane,
and it was shown that on these new contours Cy, both f; and ¢ o exp(Fiz)
and are thus exponentially small for both cases of +(y + 1) > 0, and that fo
and 1, o exp(=+iz) and are thus exponentially large. It was then concluded that
Iy = I; = Iy = 0, which means that 7} = T» = exp(—7), and R; = 0, independent
of absorption[24]. Our approach here to calculate Iy, is to expand the integrand

Fyh¥, in an asymptotic series on Cy. Since |z| — oo on the contour, all terms
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0z

02

Figure 2.2: Integration contours of I, for the v < —1 case.
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in this asymptotic series may be kept. Although the integrand is in general a
divergent series in z~" for any finite 2z, the series obtained after integration may
become convergent for certain absorption functions h(z). First of all, it is easy to
expand h(z) in asymptotic series,

Bt
—" for +(yv+1)>0, (2.10)

where y = z — z5. This can be done by inverting the two asymptotic series,

1 & T'(n+1/2)

Z(—() :ZEOW’ (2.11)
and
_IE ”F(n +q)
Fy( : z_j 0 , (2.12)

on the path of integration C.. First, we need to shift the argument of the F z

function in Eq. (2.9) from ¢ — 7/2 to (. Let,

= An(q)
n=1
The coefficients A, (¢) can be found, using Eq. (2.12), by
1 & _
An(q) = I‘—Z 1)"'(g+m—-1)Cr-"q" ™™,
m:l

where the C™ = n!/m!(n —m)! are the binomial coefficients. The first few values of
Ay, are A; = 1,4, =0, A3 = ¢. Then we can invert Fy, by,

T o Cnl9)
Fq(c—q)_gl”; e ] ’ (2.13)

where

CZm—}- Z[ A3 ] D 2(m— n)—|— :l:l(q7 )7
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n

Dn(Qam) = ZDn—k(Qam_l)Dk(Qal)a

Dy(q,1) = Anis(q)/As(q) .

Finally we can get the coefficients A, of Eq. (2.10) by ,
h, = —=X6""C,41(7/2) . (2.14)

We can also invert the asymptotic series of Z(—() of Eq. (2.11),using calculations
similar to Egs. (2.13)—(2.14), to get A..

To find the asymptotic series for fo and 1), we first note that only the part of
them with leading behavior exp +i(y + alny) on Cy contribute to the integral Ioo,

SO

OmiN Ly = /_ FohWsdz = /C Fi(y)h(y) Vs (y)dy | (2.15)

+

for £(y+1) > 0, where

[e's) a:l: )

Wa(y) = e meHren),
n=1 "
oo d:t i |

Fuly) = Cizy_ze i(y+a ny)’ (2.16)
n=1

with
_7r€7ra/2

—4
exp {iz’ [w+aln2+zo]} .

™ Cal(+ia)
The coefficients o;F and & can be found by substituting the asymptotic series (2.16),
making use of Eq. (2.6), into the two differential equations (1.1) and (1.2), requiring
that all terms vanish and that they satisfy boundary conditions Eq. (2.2), or (2.3).

The result is
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+1 ) .
aio = m{ [ £i(n — 1)] [“571,3 + aim +(1+ V)C‘im +XM(aTF Z”)ail,o]
n—1
Sy
m=1
aik = aikfl + [ati(n —1)] ai—l,k—l , k=1,2,3, (2.17)

and a(:fk = 1. The calculation for & is similar to Eqs. (2.17), with hX = 0. Substi-

tuting Eqgs. (2.10) and (2.16) into Eq. (2.15), we get

o0
1 .
2miNIo = 4 ) ’yff/ —E2ltany) gy, (2.18)
n=3 ce Y
for £(v + 1) > 0, where
n—2
’yf = Zﬁff_mh,in, for n >3,
m=1
n—1
/Bf = Zaf_mdiﬁn, for n> 2.
m=1

To evaluate the y-integrals in Eq. (2.18), we change the integration contour again.
Now, there is only one pole ¥y = 0 in the integrand, and there is also a branch
cut. We choose the branch cut to be from y = 0 to +ioco for the two cases (see
Figs. 2.1,2.2). Then we change the integration contours to go along the semicircles
with infinite radius at the other side of the real axis, opposite to Cy, and go around
the branch cut (see Figs. 2.1,2.2) so that the analytic continuation is still valid. The
contributions from integrating along the two quarters of the semicircles are zero due
to the exp +27y factor. Integration along the path going around the branch cut can

be found by making use of Hankel’s contour integral|40],
. -z 271
) Tetdt = ——— 2.19
/C . (e7mt) e TG (2.19)

where the contour Cy starts at ¢ = oo exp(0i), comes along the positive real axis,

turns around the origin counterclockwise, then goes back along the positive real axis
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tot = oo exp(2mi). The y-integral in Eq. (2.18) can be changed to this form by means
of a variable transformation ¢t = 2y exp(37i/2) for v > —1, and ¢t = 2y exp(ni/2) for

v < —1. Thus, we can express Is, or Ry as a series expression,

i 7.‘.Tlezl:i(zo74/3)\2) 2 % ,Y:I:(j:QZ)n
Ry, =C%+ - LR 2.20
? 2 [ CaT (+ic) ] ,;,, T(n ¥ 2ia)’ (2:20)

for £( + 1) > 0. This expression is analytic in the sense that all coefficients
can be calculated exactly by some algebraic recurrence formula, although they are
in general rather lengthy to be written out explicitly. This series is useful only if
it is convergent, unless we know how to sum it analytically. However, due to the
complicated nature of the coefficients, it is beyond the scope of this dissertation to
study the convergence analytically. In the next section, we will present numerical
results showing that it does converge, in many cases, to numerically the same values

found by solving the integral equation (2.5) iteratively.

Comparisons

We do our calculations explicitly with a deuterium plasma. Table 2.1 to Table 2.3
compare calculations of Ry for case (i), the second ion cyclotron harmonic with v >
—1, for different k| and different ranges of A>. P, is |Ry|? calculated by solving the
integral equation (2.5) iteratively. P, is that calculated by the series in Eq. (2.20).
The values of ¢, and g,, which are defined by P, = C*exp(—2¢,x*) and P, =
C* exp(—2gnk?), of Table 2.3 are also plotted on Fig. 2.3.  Table 2.4 to Table 2.7
compare these for case (ii), the second electron cyclotron harmonic with v < —1,
where X is the square of the ratio of the plasma frequency to the wave frequency.

The values of P, and P, of Table 2.4 are also plotted on Fig. 2.4.
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ky(m™) « Pu(%) Pa(%) n Ya

4 0.09264 2.8208e-2 2.8209e-2 1.0015 1.0000
8 0.1740  1.3145e-2 1.3131e-2 0.9823 1.0000
12 0.2342  3.6283e-3 3.6297e-3 1.0034 1.0000
16 0.2640  5.3536e-4 5.3585e-4 1.0065 1.0000
20 0.2505  2.6688e-5 2.6723e-5 1.0103 1.0000
23 0.1907  3.6852e-7 3.6838e-7 0.9948 1.0000

Table 2.1: Case (i) with large A2, n, = 5x10" m™3, L =1m, B =6 T, T; = 1000 eV.

k”(m*l) K P,(%) P, (%) dn 9a

1 0.1337 11.982 11.982 1.0005  0.9994
2 0.2668 10.575 10.578 1.0011  0.9994
3 0.3990 8.6018 8.6084 1.0018  0.9994
4 0.5295 6.4643 6.4747 1.0023  0.9994
5 0.6581 4.5057 4.5167 1.0023  0.9994
6 0.7840 2.9359 2.9353 0.9993  0.9994
7 0.9070 1.7865 1.7864 0.9994  0.9994
8 1.0265 1.0243 1.0243 0.9995  0.9995
9 1.1420 0.55687  0.55704  0.9996 0.9994
10 1.2532 0.28951 0.28936  0.9993 0.9994
11 1.3596 0.14499  0.14467  0.9988  0.9994
12 1.4608 0.070261 0.070179 0.9991 0.9994
13 1.5564 0.033275 0.033298 0.9994 0.9993
14 1.6460 0.015559 0.015581 0.9995 0.9993
15 1.7293 ~ 0.01 7.2503e-3 ~1 0.9992
16 1.8058 diverge  3.3825e-3 diverge 0.9991

Table 2.2: Case (i) with A2 ~ 3, n, =1x10°m™3, L =2m, B=3T, T; = 1000 eV.
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o) & Pk R 4 d

1 0.2837 60.495 60.498 0.9896 0.9893
2 0.5668 37.427 37.432 0.9891  0.9889
3 0.8488 16.903 16.905 0.9881 0.9881
4 1.1292 5.6244 5.6237 0.9862 0.9863
5 1.4073 1.4016 1.4014 0.9826  0.9826
6 1.6828 0.26916  0.27041  0.9759 0.9751
7 1.9550 0.041933 0.043239 0.9639 0.9599
8 2.2234 5.6902e-3 6.4453e-3 0.9450 0.9324
9 2.4875 9.0586e-4 1.0059%e-3 0.9014  0.8929
10 2.7468 1.6609e-4 1.6403e-4 0.8497  0.8505
11 3.0009 3.3683e-5 2.4967e-5 0.7986 0.8152
12 3.2492 ~4.e-6 2.99¢-6 ~ 0.77 0.794
13 3.4913 diverge 2.1e-7 diverge 0.79

Table 2.3: Case (i) with A2 ~ 0.6, n. = 2x 10 m™3, L = 3 m, B

T; = 1000 eV.

T T T T T T T T T T T T T T T T
| y ]
02_ o :1_Qa © o_
i x 1—gqy i
| . ]
(@]
0.]__ X —
O
| % ]
| % ]
N R i
x = = = ¥
1 ] 1 1 ] 1 1 ] 1 ] ] 1 ] ] ] ]
0.00 1 5
K

3T,

Figure 2.3: Plot of 1 — ¢, and 1 — g, verse k, where g, and ¢, are the values in

Table 2.3
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T.(V) » & Puh) Puh) o da

50 93.15 0.04736 0.15192 0.15189 6.9114 6.9608
100 46.58 0.09471 0.53250 0.53254 6.8615 6.8574
150 31.05 0.1421 0.99350 0.99340 6.6881 6.6927
200 23.29 0.1894 1.3983 1.3983 6.4770 6.4767
250 18.63 0.2368 1.6648 1.6646 6.2201 6.2212
300 15.53 0.2841 1.7766  1.7755  5.9345 5.9382
350 13.31 0.3315 1.7568 1.7564 5.6381 5.6391
400 11.64 0.3789 1.6496 1.6492 5.3328 5.3336
450 10.35 0.4262 1.4946 1.4941 5.0287 5.0295
500 9.315 0.4736 13215 ~ 2 47341 ~ 4
550 8.468 0.5209 1.1503 diverge 4.4494 diverge

Table 2.4: Case (i) with X =0.114,n, =4 x 10 m™3 L =0.15m, B=3 T.

T.(eV) X K Pu(%)  Pu(%)  ga a

) 52.52 0.04800 0.68305 0.68296 6.9240 6.9548

10 26.26 0.09600 2.2822  2.2825 6.8401 6.8341

20 13.13 0.1920 5.4644 5.4662 6.3950 6.3906

30 8.753 0.2880 6.4317 6.4315 5.7674 5.7676

40 6.565 0.3840 5.6863  5.6860 5.0783 5.0785

45 5.836 0.4320 5.0832 5.0833 4.7379 4.7378

50 5.252 0.4800 4.4687  diverge 4.4102 diverge

Table 2.5: Case (i) with X = 0.2057, n, =5x 10 m™3, L =2m, B=25T.

T, (eV) N K P, (%) P.(%) qn da

50 37.51 0.05154 2.0653 2.0649 6.9021 6.9409
100 18.76 0.1031  6.3723 6.3735 6.7891 6.7799
150 12.50 0.1546  10.456 10.457 6.5280 6.5259
200 9.378 0.2062 12.985 12.988 6.2007 6.1978
250 7.503 0.2577 13.803 13.801 5.8173 5.8181
300 6.252 0.3093  13.357 13.355  5.4087 5.4096
350 5.359 0.3608  12.226 12.224 4.9924 4.9931
400 4.689 0.4124 10.844 10.842 4.5849 4.5854
450 4.168 0.4639 9.4634 ~9.4 41991 ~ 4.2
500 3.751 0.5154  8.2082 diverge 3.8395 diverge

Table 2.6: Case (ii) with X = 0.28575, n, =1x 10 m™3, L =02 m, B=3T.
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T.(V) & Pu%) Pa%) o da

50 104.6 0.02685 4.6636 4.6634 6.9391 6.9687
250 20.92 0.1342 39.608 39.606 6.3580 6.3596
450 11.62 0.2416 42.896 42.893 5.2409 5.2413
650 8.046 0.3490 33.930 33.930 4.0877 4.0877
850 6.153 0.4564  25.878 25.890 3.1687 3.1676
900 5.811 0.4833  24.249 diverge 2.9804 diverge

Table 2.7: Case (ii) with X = 0.45725, n, = 1.6 x 10 m=3, L=0.2m, B=3 T.

T T T [ T T T T [ T T T T [ T T T T [ T T T T
3_ o -
[ e T :
I X 7 —qn x|
2K X -
I = :
L ® ]
1+ H .
L ® ]
L . .
L » ]
1 |2§| T I TN (N NN NN HN TN TR NN NN EN SN (R NN RN HN S SR R
0.0 0.1 0.2 0.3 0.4 0.5
K

Figure 2.4: Plot of 7 — ¢, and 7 — g, verse k, where g, and ¢, are the values in
Table 2.4.
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Previously, it was found numerically that

with ¢ &~ 1 for case (i) ,

with ¢ = 7 for case (ii) . (2:21)

Ry~ C? exp(—qn‘Q) , {

We see from Table 2.1 to 2.7 that these approximation are very good whenever the
condition of large A2, small 7, and small & is satisfied, although it is also good for
more general cases. We also list the g, and g, values, calculated by each method.
The values of g, and ¢, are also plotted in Fig. 3 and Fig. 4.

We first note that these values calculated by both methods agree with each other
very well as long as both methods converge. We have also compared results from
these two methods for many other cases over a broad range of parameters and they
all agree very well. It has been known previously that the iteration method of solving
Eq. (2.5) becomes divergent for large absorption (i. e. large x) for both cases. It
seems that the series method using Eq. (2.20) for case (i) is still convergent after the
iteration method diverges. However, it also has numerical problems for large x, due
to the fact that we can only sum a finite number of terms and that the computer
has a limited power to handle large numbers. On the other hand, the series method
becomes divergent faster than the iteration method for case (ii). Actually, it seems
that there is a convergence radius of k < 0.5 for the series. The reason for this
difference is that the asymptotic series of the relativistic plasma dispersion function
F% of Eq. (2.12) diverges faster than that of the plasma dispersion function Z of
Eq. (2.11).

Secondly, we see that the approximation Eq. (2.21) is good, but not exact. Before
the development of this series method, the numerical values found by solving the
integral equation iteratively were subject to many different kinds of numerical errors,

which are difficult to analyze, within the complicated algorithm to calculate f, and
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. Therefore, there was an uncertainty about whether Eq. (2.21) is really exact,
and whether the deviations from the rule in the numerical results are just numerical
errors. However, now that the series method is analytic in principle, its results are
much more reliable and to the extent that they agree with those calculated by the
iteration method, this uncertainty no longer exists. Moreover, the series method
provides some analytic explanation of Eq. (2.21), at least in extreme cases. Let us
consider large A2, small n, and small x cases. It can be shown by explicitly writing
down the first few terms of the series for these cases, using zyp = —v/A?, that we only
need to keep the n = 3 terms in the series in Eq. (2.20) to get a good approximation.

Note that 73 = 2a2)\2k2, and ;3 = 1402)\?k?, and using approximations
[(+ia) ~ +1/ia ,T(3+2ia) ~ 2, T~1,C*~ 21,
we have

Ry =~ C*(1 — K?) = C? exp(—k?) for case (i),
Ry =~ C?*(1 — Tk*) = C? exp(—Tk?) for case (ii)
which is just Eq. (2.21). From numerical calculations, this approximation is very

good whenever the condition of large A2, small 1, and small & is satisfied, although

it is also good for some more general cases.

Sixth Order Equation

In order to see whether the analytical method developed in the previous section
also works for equations with order higher than four, we apply it to a sixth order
equation, namely Eq. (1.3). One of the physical situations that this equation can be

applied is the third ion cyclotron harmonic[33]. We refer to Ref. [33] for the depen-
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dence of the dimensionless parameters, A2, €, 7, 2z and &, on the plasma parameters.
In the calculation here, we will simply use these dimensionless parameters as inputs.
Similar to the fourth order equation, we can still express the nonzero fast wave

reflection coefficient as an integral,
R2:C2:F]22, fOI':*:O!>0,

where we still have 5 expressed by Egs. (2.15) and (2.16), but with ¢y being

—reme/? {i,[—3—206+ 02+ }
Cyr = ————— X V| —————
=7 Cal(%ia) P 15az TR
and
_€+'7 _ T« 2 2
a=—n T =e o Cccr=1-T".

The equations to calculate o;r and & are similar to Eq. (2.17),

Oy = Ong— Gy n>1,
aio = Q;in{[aiz(n—l)][n 15"‘% 14+€( rjf 13"‘@:—12)

+(e = N20) (a1, + ay_19) — N+ in)a,_ 10] Z B m} ;
Unp = Gppq+latiln—1D]ar_,,, k=234, (2.22)

and a(j)fk = 1. Then, using the same integration technique, the series expression of

R5 can be found

. T :I:z[zo 3—|—4€)/15)\2] 00 +(49,)n
—c24 v )TLE Z M , (2.23)
2 Ca)l'(+ia) = T'(n F 2i)

for £ > 0. Note that this series is very similar to the series Eq. (2.20) of the fourth

order equation.
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K Py (%) Psq(%) Py (%) Ps.(%) q2 43a

0.1 3.635e-1 3.635e-1 3.635e-1  3.635e-1  0.9999 1.0000
0.3 3.098e-1 3.098e-1  3.098e-1  3.098e-1  0.9999 0.9999
0.6 1.805e-1 1.805e-2  1.805e-2  1.805e-2  0.9999 0.9999
0.9 7.340e-2  7.340e-2  7.340e-2  7.340e-2  0.9999 0.9999
1.2 2.082e-2 2.082e-2 2.082e-2  2.082e-2  0.9999 0.9999
1.5 4.122e-3  4.122e-3  4.122e-3  4.121e-3  0.9999 0.9999
1.8 5.693e-4  5.693e-4  5.694e-4  5.690e-4  0.9999 0.9999
2.1 5.489%-5 5.489%-5 5.490e-5 5.483e-5 0.9998 0.9998
24 3.698e-6 3.697e-6 3.70le-6 3.687e-6 0.9996 0.9997
2.7 1.746e-7  1.744e-7  1.750e-7  1.731e-7  0.9992 0.9993
3.0 5.879-9 5.859%-9 5.931le-9 5.701e-9 0.9978 0.9980
3.0 2.227e-11 2.167e-11 2.413e-11 1.517e-11 0.9607 0.9618
4.0 7.650e-12 7.609e-12 7.807e-12 6.989e-12 0.7689 0.7691
4.5 1.090e-11 1.089%e-11 1.091e-11 1.083e-11 0.5988 0.5988
5.0 2.357e-11 1.933e-11 3.350e-11 1.611e-11 0.4696 0.4736
6.0 1.873e-2 3.714e-5 1.688e-4 1.492e-3  0.0415 0.1279

Table 2.8: Comparison of results calculated from Eq. (2.20) and Eq. (2.23) up to
195 terms with A\? = 200, o = 0.01 and 2z = —y/A%. For P, and ¢y, v = 3; for Ps,
and gs,, € =1, v = 3; for Py, ¢ = 0.1, v = 3.9; for P3., e =3.9, v =0.1.

To compare the results from two series Eqgs. (2.20) and (2.23), we consider ex-
plicitly using Eq. (2.8) as the absorption function of the fourth order equation and

using the negative of it, i. e.,

h(z) = =Nk[C =1/Z(=C)]

as the absorption function of the sixth order equation. The reason for the minus
sign is to make sure that both functions represent an absorption problem. We will
only use the plasma dispersion function in the calculation because we know from
the previous chapter that the series is convergent up to very strong absorption, i.
e., large k. We can then also compare the convergence properties of the two series.

In order to make a reasonable comparison, we need to use the same \? o and thus

T and C values for both cases. However, for Eq. (1.3), a = (e + 7)/2A?, while for
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K Py (%) Psq (%) Py (%) Ps.(%) 92 d3a

0.1 50.19 50.19 50.19 50.18 0.9777 0.9785
0.3 42.92 42.92 42.93 42.84 0.9773 0.9781
0.6 25.35 25.33 25.36 25.15 0.9758 0.9767
0.9 10.58 10.56 10.60 10.36 0.9730 0.9741
1.2 3.146 3.135 3.158 3.004 0.9684 0.9696
1.5 0.6779 0.6733 0.6830 0.6161 0.9609 0.9624
1.8 0.1095 0.1081 0.1112 9.029e-2 0.9487 0.9506
2.1 1.412e-2 1.381e-2 1.456e-2 9.648e-3 0.9292 0.9317
2.4 1.605e-3 1.550e-3 1.697e-3 7.855e-4 0.9002 0.9032
2.7 1.791e-4 1.709e-4 1.947e-4 5.426e-5 0.8617 0.8649
3.0 2.141e-5 2.029e-5 2.379e-5 4.253e-6 0.8160 0.8189
3.5 1.084e-6 1.043e-6 1.184e-6 3.888e-7 0.7212 0.7228
4.0 4.176e-7 4.167e-7 4.208e-7 3.856e-7 0.5820 0.5821
4.5 5.936e-7 5.940e-7 5.929e-7 5.973e-7 0.4512 0.4512
5.0 8.899e-7 9.031e-7 9.399e-7 9.044e-7 0.3574 0.3571
6.0 0.1302 0.3611 0.08354 0.1725 0.0830 0.0688

Table 2.9: Comparison of results calculated from Eq. (2.20) and Eq. (2.23) up to
195 terms with A2 = 20, o = 0.2 and 2 = —y/)?. For P, and ¢, v = 7; for Ps, and
Q3a, €=1,v=T; for Py, e =0.1, y=17.9; for P3,, e =7.9, v=0.1.
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K Py (%) Psq (%) Py (%) Ps.(%) 92 d3a

0.1 93.82 93.80 93.83 93.71 0.8592 0.8700
0.3 81.79 81.63 81.93 80.92 0.8575 0.8683
0.6 51.70 01.28 02.08 49.43 0.8515 0.8628
0.9 24.43 23.97 24.89 21.87 0.8411 0.8530
1.2 8.850 8.534 9.191 7.094 0.8257 0.8384
1.5 2.549 2.400 2.728 1.718 0.8051 0.8184
1.8 0.6116 0.5594 0.6828 0.3195 0.7793 0.7931
2.1 0.1282 0.1136 0.1508 4.758e-2 0.7497 0.7634
2.4 2.444e-2 2.102e-2 3.046e-2 6.009e-3 0.7179 0.7310
2.7 4.371e-3 3.665e-3 5.777e-3 6.984e-4 0.6853 0.6974
3.0 7.56le-4 6.222e-4 1.053e-3 8.598e-5 0.6526 0.6634
3.5 4.160e-5 3.443e-5 5.988e-5 6.998e-6 0.5978 0.6055
4.0 6.547e-6 6.435e-6 6.805e-6 5.88le-6 0.5155 0.5160
4.5 9.227e-6 9.33%9e-6 8.867e-6 9.404e-6 0.3988 0.3985
5.0 1.489%e-7 1.507e-7 1.488e-7 1.466e-7 0.3135 0.3132
6.0 5.473e-2 8.765e-2 2.381 0.1116 0.1037 0.0971

Table 2.10: Comparison of results calculated from Eq. (2.20) and Eq. (2.23) up to
195 terms with \> = 3, o = 0.6 and 2y = —y/A\?. For P, and ¢, 7 = 2.6; for P3,
and gsq, € = 1, v = 2.6; for Py, € = 0.1, v = 3.5; for Ps,, e = 3.5, v =0.1.
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Eq. (1.2), & = (1 +7)/2)2%. So there is an additional parameter for the sixth order
equation. The most reasonable comparison is to use € = 1 for Eq. (1.3), because
then + and thus 2, which is chosen to be —y/A? will become the same for both
problems. In fact, we will see that the Ry values have only a weak dependence on
€, especially for not so small R,.

Table 2.8 to Table 2.10 show data for three ranges of \%. P, is | Ry|? calculated by
Eq. (2.20). Ps,, Py, and P, are |Ry|? calculated by Eq. (2.23) using e =1, ¢ = 0.1

and v = 0.1 respectively. ¢, and g3, are defined by
P2 = 04 exp(—2q2/{2) ) P3a = 04 eXp(_QQ3a/{2) .

Note that although four figures are shown for the numbers in these tables, not all
of them are significant figures, especially for k > 2.4, because the convergent rate
becomes very slow for large k. For example, the values for kK = 6 are obviously not
converged since Ry — 0 for k — co. However, |R,| is already so small for k > 2.4,
this does not affect the application of the series method. We show these values
for large x just to compare the convergence properties of the two series since these
values are all calculated by summing up to 195 terms.

From these results, we see that the Ry values calculated from Eq. (1.3) are very
similar to those calculated from Eq. (1.2) even for those highly unconverged values
for k > 4. The agreement is good for all three choices of €, but especially good
for the e = 1 cases since the v and zy values are the same for both series for these
cases. However, we can see that the dependence on € is weak, especially for cases
with not so small Ry, which are the only interesting cases practically. The fact
that both series give such similar results for the unconverged values after summing

up the same number of terms shows that the two series converge in a very similar
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way. So the two series have nearly identical convergence properties. Because of this
similarity, the empirical formulas Eq. (2.21) are also good approximations for the

sixth order equation[33], especially for large A\?, small o and k.

Discussion

The fact that the series method and integral equation method both give essen-
tially the same answers further confirms their own validity respectively, because if
either one of these methods is wrong, the chances for their answers to agree with
each other accidentally is extremely small.

The success of the series method is amazing and shows how powerful complex
analysis can be. In the original form of the integral Iy in Eq. (2.7), we needed to
know the values of the solutions F5, ¥, and the absorption function h along the real
z-axis. The straightforward way to do this is first to find F5(z) by a numerical path
integration in the complex plane using the method of Laplace like Eq. (2.1) with
a complicated integration and error control scheme. Secondly, solve the integral
equation Eq. (2.5) by doing numerical integrations iteratively along the z-axis, with
proper end-point corrections, to find W¥y(z), making use of numerical methods to
evaluate h(z) for z within different regions on the z-axis. Then find I, by numerical
integration according to the definition Eq. (2.7). Now, the series method can do the
same integration correctly without having to know F,, W5, and even h on the real
z-axis. All it needs is their analytic properties in the complex z-plane and their
asymptotic expansions for large complex z values. Also, due to its less complicated
algorithm, the series method usually runs much faster on a computer, if we do not

care to know the solutions themselves.
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This powerful idea may have other applications to solve integrals of similar na-
ture, which arise either from the tunneling problem or other physical problems. After
the success on these two relatively simple cases we can try to apply this method
for some other more general situations to explore the usefulness of this method. By
working on the sixth order three branch problem, we know that the series method
also works for higher order mode conversion equations. The results of the sixth
order equation are found to be very similar to those of the fourth order equation.
Thus, the reflection coefficient R, calculated from the fourth order equation can be
used as a good approximation of that from the sixth order equation with the same

A2, o and & values for practically interesting cases even when the empirical formulas

fail.
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II1. FIVE BRANCH PROBLEM

In this chapter, we will first present the integral equations that solve Eq. (1.4)
for the + cases. We will then show that some fast wave scattering parameters are
independent of absorption by considering the solutions in the complex plane. The

series method will be applied to calculate Css, C3o and R, for different cases.

Integral Equations

The homogeneous equation for Eq. (1.4) is
PN+ (L4 k)" + ko fl+ 72 f" + 70 f =0
This equation can be solved exactly by using the method of Laplace[4]:

fi2) =¢; [ QU [exp zg(k)] d (3.1)

Ly
where the I'; are contours in the complex k-plane which must end at infinity with

approach angles of /6, 57 /6, or 3w /2, and

g(k) = —ik — é {S(k) + iaqln(k — kq)} :
with
S(k) = —[k*/3+ Q1+ kp)kI/N*,Qk) = (K*—1)(k* - k3),

ki=—ko=1, ks=—ks=ky, 01 = —oo, az3=—ay.

35
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We will only consider the two cases (£ cases) defined before (see Figs. 3.1 and 3.2),
and note that the directions of the incident waves of the solutions f; are indicated
by the arrows on the curves. The general contours I'; for the two cases are shown in
Figs. 3.3 and 3.4. Figs. 3.5 to 3.9 show the contours of asymptotic solutions for some
complex z values with |z| — oo for different phase angle 6, where z = |z| exp(if)). We
will look at these figures in more detail in the next section. To find the asymptotic
behavior of f; for real z, we can match these general contours to those contours for
z — oo which are shown in Figs. 3.5 and 3.9. Then, with a suitable choice of

constant c;, we can express the asymptotic behavior of f; as

0 7' 0 Cuu 0 Cis Uy f1
1 R2 0 024 0 026 Uu_ f2
0 032 0 T3 0 036 Vy — 002 f3 Z—00
0 042 1 R4 0 046 (2 f4
0 Cso 0 Css 0 Csg o4 f5
0 062 0 064 1 R6 o_ f6
R1 1 013 0 015 0 U4
T2 0 023 0 025 0 U_
031 0 R3 1 035 0 V4 (3 2)
041 0 T4 0 045 0 v_ ’ '
051 0 053 0 R5 0 S_
Ce1 0 Cg3 0 Cos 1 s
for the + case, and
R1 1 013 00 016 u—_ fl
T2 0 023 00 026 U+ f2
031 0 R3 10 036 (V. — 002 f3 2—0Q
— —
Cau 0 T, 0 0 Cg vy fa
Cs1 0 Cs3 0 0 Cse o4 I5
061 0 063 01 R6 g_ f6



0 T1 0 014 015 0 Uu_
1 R2 0 024 025 0 U+
0 032 0 T3 035 0 (V. ’ (33)
0 042 1 R4 045 0 V4
0 052 0 054 R5 1 Sy
0 062 0 064 065 0 S_
for the — case, with scattering parameters given by
R, Ty Ciz Cuu Ci5 Cis
Ty Ry (a3 Coy Cys O
S = Cs1 C3 Rz T3 (35 Csg ()
Y Cu Ci Ty Ry Cus Cy R
Csi Csa Cs3 Css Rs Css
Ce1 Ce2 Coz Cos Cos Rs
0 T, 0 0 —Cy 0
T, T*C? -C,C, T,C,C, T,T?C, T,C,
0 0 —-C,C, 0 T, -T,C, 0
S =1 o noc 1, & nrc oo |0 6
-c, n,7°C, -T,C, T,T,C, TI? T,T,
0 T,C, 0 Cy T,T, 1/2

where T, = exp(—7|a|), T, = exp(—7laz|), C2=1—-T2 C? =1 — T? and the six

basic waves types are given asymptotically by

7T, exp {£i[S(1) — sy + 2z + azIn |2|]}

v Cuon (1 — k2)T (Lics) !
e o —7/T, exp {+i[S(ko) — s, + koz + aqIn |2[]}
=T Cyasko(1 — k2)T(Fiay) ’
- sgn(ag)/m 12 212
sy = %exp {:I:z [g)\z?’ﬂ— (1+k§)T — /4| s,
L iy/mereitas) (9 2 |2/
~ sgn(ag)y/merleated 211132 oy 2
o_ = N2 [T exp —g/\|z\ 72— (1+k2) ;) , (3.5)

with

Su=ar;In2+ azln(l + ko/1 — ko), s, =ca1In(1+ko/1 — ko

) —+ a3 111(2]60) .
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—70/k8 \

Figure 3.1: Schematic plot of the dispersion relation for the + case.



39

2\
/5
J I
1 a & 1
/3 / <f4 i
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Figure 3.2: Schematic plot of the dispersion relation for the — case.
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Figure 3.3: General contours of f;’s for the + case.
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Figure 3.4: General contours of f;’s for the — case.
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Figure 3.5: Topology of the contours for z — oo exp(if) with 0 < 6 < 6;, plotted
for 8 = 0.
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Figure 3.6: Topology of the contours for z — oo exp(if) with 6; < 6 < 65, plotted
for 0 = 7/3.
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Figure 3.7: Topology of the contours for z — ocoexp(if) with Ay < 6 < 6.
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Figure 3.8: Topology of the contours for z — oo exp(if) with 03 < § < 6, plotted
for 0 = 27 /3.
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Figure 3.9: Topology of the contours for z — oo exp(if) with 6, < § < 7, plotted
for 0 = .
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Note that only f; to f5 are physically allowed in an unbounded region. Using

these we can find an integral equation that solves Eq. (1.4),

I
R . AT
AL RBIL GG

T. T, T.0,

_ Jilog f3L§c CuCy

e = fit T, + T, T T,
foIih, f4I?_>';c C,Cy
ot T

flf — folg, ,  for the + case

= fily + frlg

Cfal + folf, . for the — case,  (3.6)

where

+1 +o0
Gi=5— [ B@hy)Uy)dy.

with
Fy=f'+Q+k)f]+kofi, V=9 4+ 1+ k)] + koo (3.7)

and T, T, fo = f5 — T,C, f3 — C, f1 for the + case, and fo =T, T, f5s +T,C,fo+ Cy,fu1,
fr = fe — Cuf1/TuT, — Cyf3/T, for the — case. Note that fo — o_ as z = —o0
for both cases. Eq. (3.6) can be solved iteratively using ¢, = f; as the first trial
function with fy calculated numerically by Eq. (3.1). This can be done for the five
physical solutions, k = 1,2, 3,4, 5, if h(z) falls off at least as fast as 27! as |z| — oo.
For the k = 6 solution, this can be done only if hA(z)o(z) — 0 fast enough as
z = —oo. After solving Eq. (3.6), scattering parameters can be found, making use

of Egs. (3.2)—(3.4), by

with

1

I =——
k= omin2

[ EICIABTE (3.9)
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where the second equality in Eq. (3.8) is by a reciprocity relation I;; = I;; which
can be proved from the symmetric properties of the integral equations[36]. From
Egs. (3.4) and (3.8), we see that S;; = Sk, is a symmetric matrix. In the following
sections, we will show how some of these I;;, are identically zero for some kinds of i
functions, and thus some scattering parameters are independent, of absorption and

can be expressed by Eq. (3.4).

Solutions for Complex z

One possible way to evaluate [, of Eq. (3.9) is to perform the integration in the
complex z-plane. This can be done only if the A function has some good analytical
properties in the z-plane. We will assume that h is analytic and tends to zero at
least as fast as |z|~! for z on or below (above) the real axis for the + (—) case. Also,
it has been shown that F; and ¥; are analytic everywhere[24]. Then we can change

the path of integration of Ij;, defined as the semicircles C in Figs. 2.1 and 2.2,

L= — /. Fe)h() () (3.10)

T 2min?
with y = 2 — 2 on the figures for later convenience. The solutions f; for complex
z values are still defined by Eq. (3.1) with the same integration contours. The
asymptotic behavior of the f; on Ci can be found by considering the contours
of asymptotic solutions for z — ocoexpifl, with —7m < 6 < 0 for the + case and
0 < 6 < 7 for the — case, see Figs. 2.1 and 2.2. Let us look at the — case first.
After some consideration, one realizes that there are five regions of # where these
contours are topologically different. These five regions are 0 < 0 < 6, 6, < 6 < 0y,

T/3< b, <0< 7m[2=103, 03 <0 <0y>21/3, and 0, < 6§ < 7, see Figs. 3.5 to 3.9.
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The exact values of 6, to 6, are not important to the proof here except the fact
that 64 > 27 /3, which can be quite obviously seen from these figures. Note that
the asymptotic solutions indicated on these figures have the following asymptotic

behavior,

Up X e |, upxe® 1,

ikoz —ikoz
v, o< e | v, e T

i2a32 | 4 0 < 0 < 27/3
p o €® {T27T/3<0<7T ’

o—i2A? 0 0 < 0 < 2n/3
I 2r/3 < 68 < @w

where 1 indicates that it is an exponentially growing solution and | indicates that
it is an exponentially decaying solution.

The circles on these figures, with the four quarters being black and white al-
ternatively, indicate the saddle points of the two slow wave asymptotic solutions.
The white quarters represent the downhill sides and the black quarters represent

the uphill sides. The positions of these two saddle points for z = |z| exp(if) are
ks = £X21/% = £|2|/2€%/2 |

with crossing angles ¢ determined by

0 7
204+ — = +— .
¢ 2 2
Note that ¢ of each circle on these figures is just the angle of the middle line that
divides the circle into two symmetric parts along the two white quarters. We see

that the slow wave saddle points tend to infinity as |z| — oo, i.e. for z on the

contour C_.
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The fast wave asymptotic solutions can be calculated by using Hankel’s contour
integral Eq. (2.19). The contour of each fast wave has to go around a fast wave

branch point k4, ¢ = 1,2, 3 or 4, that comes in along a direction on which
k—ky = |k — kgle 772

and goes out along a direction on which
k— kg = |k — kole~?F3m/2

These directions are also indicated by the shape of the fast wave contours on Figs. 3.5
to 3.9. This means that these four fast wave contours have to turn 180 degrees as 6
changes from 0 to 7.

By comparing the topology of the general contours in Fig. 3.4 to those contours
in Figs. 3.5 to 3.9, we can find out the asymptotic behavior of f;. For 0 < 6 < 6,

(see Fig. 3.5),

fi o< sy = up, = —s, xU, |,

fo o< Sy = —U, = —Vp = Uy = Vp = Up = —Sp X Uy, T,
fz3 o< Sy = —up, =V, DU, = —85, XV, |,

fo o Sp = —Up = —Vp = Uy = Vp = Up — —Sp X Uy, T,
fs o< 8y = —Up = —Vp = Sy X Sy T,

f7 X _Sp\l«a

fo o< Sp = —Up = —Vp = —Upy = —Upy — Sy X Sy T, (3.11)

where the — indicates the order of going through these paths so that the contours

of the individual solutions will be added up to be topologically equal to the the
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general contour for each solution f;. We did not show proportional constants which

are not important in the discussion here, although they are important in getting the

scattering parameters of Eqs. (3.2) to (3.4). For 6; < 0 < 6, (see Fig. 3.6),

S
fo
fs
Ja
f5
f7
fo

X

up 1,

—Up = —Up —> Sy —F Upy —> —8p —> Vp —> Up X U, T,
—Up = Vp —> Uy X Vp |,

—Up = —Up —> §p —> Uy — —Sp —> Vp —> Up X Uy, T,
—Up —> —Vp = Sp = Uy, —> Uy = —Sp/2 = S X S T,
_SpJ/a

—Up = —Vp —> Sp/2 = Sy X Sy, T (3.12)

For /3 < 6, < 6 < /2 = 03 (see Fig. 3.7),

S
fo
fs
Ja
f5
f7
fo

up |,

—Up —> —Vp = Uy —> Vp = Up X Uy T,

—Up —> Vp —> Uy X VUp |,

—Up — —Up = Um — Up —* Up X Upy T,

—Up — —Up —> Upy, —> Uy, —> Up —> Up —> Sy X Sy, T,

—sp 4,

s 1. (3.13)

For 05 < 0 < 0,4, see Fig. 3.8,

fr
fa

x |,

X Uy = Uy —> — Uy X Upy + U, T,



fs
Jfa
fs

fz

fo o 5m{¢ 0 > 21/3

0.6
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v 4o,
Um T,

e sm T 0 < 27/3
Um 72 Um =2 Sm X 40 > 2m/3

1 0 < 27n/3
P11 o0 > 2n/3 7

T 0 < 27n/3 (3.14)

For 6, < 8 < 7, see Fig. 3.9,

h
fo
f3
Ja
f5
f7
fo

0.6

X

u L

Sm = Um —> Um —> —Um —> —Sm X Uy + Uy, T,
o b,

Sm = Um — —S;m X Uy, T,

Sm = U — Uy, X Uy, T,

—Sp = —Sm/2 = —vp = —up X —5, T,

Sml (3.15)

In summary, the asymptotic behavior of the fast wave solutions f; to f; for z on

the contours C_ are

fi < ou, x e |,
fo X Uy x €eTF 1
fy & w o s | (3.16)

fi < v, o etz 4

By Eq. (3.7), it is obvious that F}; has the same asymptotic behavior as f;. To show

that v;, and thus ¥; has the same asymptotic behavior as f;, we need to define v,

for complex z values using the integral equation (3.6). By redefining the end points

of some of the integrals in Eq. (3.6), namely end points of I, I3}, I3, I, I5, I}



y=0 Ry

Figure 3.10: Integration contours on the complex plane for some of the I ]l;(z) of fast
waves for the — case.

changed to coe™/? (see Fig. 3.10), and end points of I, with k = 1,2,3,4 changed
to ooe™/? (see Fig. 3.11), it can be shown that the 1, in the left hand side of
Eq. (3.6) will have the same asymptotic behavior as fi, provided that the ¥ on the
right hand side of Eq. (3.6) is assumed to have this property. This can be seen by
considering the asymptotic behavior of each term of the right hand side of Eq. (3.6)
for each k. Note that these redefinitions of end points will not affect the values of
Y, for z on the real axis. So, ¥, indeed has the same asymptotic behavior as f,
for k =1,2,3,4, if the integral equation (3.6) is convergent for these solutions. This
will be true if A — 0 at least as fast as |z|~!, as assumed. Note that the fact that
fr < sp and fo o< sy, for z on C_ has been used in this proof.

For the + case, the integration contour is changed to C, defined in Fig. 2.1.
There are also five regions of # where the contours of the asymptotic solutions
are topologically different. These five regions are 0 > 0 > —6,, —0; > 6 > 0,,

—0y >0 > —03, —03 >0 > —0,, and —0, > 60 > —x. The contours for this case
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~

y =0 Ry

Figure 3.11: Integration contours on the complex plane of I} (z) for k = 1,2,3,4 of

the — case.

are symmetric to those in Figs. 3.5 to 3.9, so we will not show them here, but will

point out an easy way to get them from these figures. We only need to make a

mirror reflection about the imaginary k-axis of those contours in Figs. 3.5 to 3.9,

then exchange the labels m < p, and change the directions of the arrows to the

opposite. Then the asymptotic behavior of f; can be found for each region. For

0>9>—91,

f
f2
fs
fa
fs
fe
fo

—Sm = Uy —> Sy X U |

—Sm = Vp —> Up —> —Vp — — Uy —> Sy, X Up +Up T,
—Sm = Um —> S X U

—Sm —F Up = Sy, X VUp T,

Sp = —Up = —Up = Sy X Sp T,

Sm +

Sp = —Up = —Up —> —VUpy —> —Up —> Sy X Sp T . (3.17)
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For —6, > 0 > —0,,

fi o< Uy

fo X —8m =V = Uy = —Vp = =Sy X Up+ U, T,
f3 < vm o,

fo o< —8m = Up = Sp XU, T,

fs o< sy = sp/2 > sp,xs, T,

Jo X Sm

fo X Sp = Sm/2 = —Up = —Up XS, T . (3.18)
For —6, > 0 > —03,

flocumi/a

fo o< vy —=u, = —vp XU, +u, T,

fs o< Sp = Uy = Uy = Sp XSy T,
fG & SmJ/a

fo o< s, T . (3.19)

For —05 > 0 > —04,

fii o< Uy |,
fo O —Up = —Up = Up = Uy = Uy, X Up T,
f3 X —Up = Vp = Uy XUy |,

fi X —Up = =V = Uy = Uy = Uy, X Vp T,



f5 sp—HJm—)umoc{

o6

s T 6 > —27/3
v 4 0 < —27/3

L 0 > —27n/3

fo o SM{T 0 < —2r/3

Jo S”{L 6 < —27/3

T 0 > —271/3 (3.20)

For —0, > 0 > —m,

S
fa
fs
i
fs
Je
fo

X

X

Um 4 5

Uy, =+ =V, =+ —8p —> Up —> Sp —> Uy — Uy, X Up T,
— Uy = Uy —> Uy X Uy L

Uy, — =V, —> —Sp = Vp — Sp —> Uy —> Uy, X Vp T,
Sp = U = U X Uy, |,

Sm = Sp/2 = U = U, X Sy T,

spd . (3.21)

In summary, the asymptotic behavior of the fast wave solutions f; to f; for z on

the contours C are

fi ¢ Uy x e ® |

f2 X Uy X 6?'2 T ’ (3 22)
f3 o< vy e tho {, '

fi o< v, o ekoz 4

Using similar arguments, it can be shown that Fj and ¥, have the same asymptotic

behavior as fi, for £k =1, 2,3, 4.
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Scattering Parameters

Independence of Absorption

By the definition of I, in Eq. (3.10), where we have use the assumption that
h is analytic on or below (above) the real axis for the + (—) case and the fact
that F; and ¥, are analytic everywhere, and the asymptotic behavior of ¥, and Fj,
described by Egs. (3.16) and (3.22), on the contours Cy for the two cases, we know

immediately that for certain reflection (;;) and conversion coefficients,
hy=Ig=Ly=In=lha=1u=0.

Note that h function for all the physical situations we consider here satisfy these
assumptions, because Z({) and F,({) are analytic functions and have zeros only in
the upper (-plane.

Using the fact that on Cy, h ~ O(]z|™!), and
Fe ~ O(|2[7 i) ,

for k =1,2,3,4, by Egs. (3.5) and (3.7), we also know that for all of the fast wave

transmission coefficients,
Ly=1In =13 =I;3=0.

Then from the relations of the scattering parameters with I, in Eq. (3.8), using

Eq. (3.4), we can find certain fast wave scattering parameters analytically, namely:
Tl = T2 = Tu )
T3 = T4 = Tv )

Ry = R3=Ci13=0C51=0C1u=0Cyp=0.
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Obviously, these scattering parameters are independent of absorption. However,
the conversion coefficient Cyz(= C3) which has been found numerically to be in-
dependent of absorption is not one of these. So we need to calculate it by another

method.

Series Method

In this section, we will apply the analytical method to find the series expressions
for some of these nonzero fast wave scattering parameters. The correctness of this
method has been shown by the very good agreement between the results from the
series method and the integral equation method in calculating the nonzero fast wave
reflection coefficient from Eq. (1.2) in Chapter II. The derivation here will be very
similar there and we refer to it for details that are omitted here.

Since we need to perform explicit calculations in this section, we need to specify
the absorption function A. We will consider two kinds of function that appear

frequently in physical situations. For the nonrelativistic cases, we use
h(z) = N[ F1/2(£)] (3.23)
for & cases, and for relativistic cases from Eq. (1.4),
h(z) = Nk [+ 1/F1(F¢ - 7/2)] (3.24)
and for the relativistic cases from Eq. (1.6),
h(z) = =N’k [¢ £ 1/Fo (¢ — 9/2)] - (3.25)

Note again that both Z(¢), Fz(¢) and Fs(¢) are analytic functions and have zeros

only in the lower half (-plane. We will also assume that zy = —v,/k2\?, which is
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often the case for physical situations. We refer to Refs. [34, 35, 36] for the dependence
on plasma parameters of the dimensionless parameters A2, s, 2, Y0, ko, and k. In
the calculations here, we will use these dimensionless parameters as inputs so that
the conclusions are not restricted to a particular physical situation.

First we need to expand h(z) in an asymptotic series over C. for the two cases,

h
ym

E

h(z) — 2

We have already shown a general method to do so, for those functions of Eqs.(3.23)—
(3.25), in Chapter II.
For the mode conversion coefficient Co3 = —C',,C,, F I3, for the + cases, we have,

by Eq. (3.10) and the asymptotic behavior of Egs. (3.11)—(3.21),

1
be = 5% /ci Fy(2)h(2)¥2(2)dz
1
T 2N /C+ Fom@)h(y)Wup(y)dy ,  for + case,
1
- ik Y ,  for — case, 2
mi2 /c_ »(y)h(y) (y)dy or — case (3.26)
where y = z — 2, and
= o~ Qun i(y+asz Iny)
\IIup(y) = Tucu Z —ne ,
n=1
\Ilum(y) = CZ > a:ne—i(y'i'aQ Iny) ’
n=1 yn
Fply) = Ty i %ei(kowm Iny)
n=1 "
Fon(y) = > a_@:e*i(koerou; lny) (3.27)
n=1 Yy

with ¢,, ¢, being the coefficients of u, and v, in Egs. (3.5),

/Ty exp {i[S(1) — s, + 20}
CuOél(l — kg)F(zag) ’

Cy
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. /T, exp {i [S(ko) — sy + ko20]}
v Cyouko(l — k3)T (icvy) '

Similarly, we can calculate the mode conversion coefficient C3y = —C,C, F I»3, with

Iy = /C Fa(h(z)¥a()dz

2miA2
1
= 5 |, Fo@h@)¥on(y)dy,  for + case,
+

2mi\2
1

= 3557 |, Fan@h(y)¥op(y)dy,  for — case. (3.28)

where the definitions of F,, Fyn, ¥,p, and U, are similar to Egs. (3.27),

U = T S Qon i(koy+aq Iny)
vp(y) = vCu Z n (& s

n=1

% (k. Iny)
\Ilvm Yy = C:; Une_z oy+aalny ’
W=y
X a
Fypy) = TuCuZﬂei(y-Fazlny)’
e Y
> a )
Fum(y) = C,Z ﬁe—l(y-ﬂmlny). (329)
n=1

From Egs. (3.11)-(3.21), we also see that we can calculate the reflection coefficient
Ry = C?  I4 by the series method, with

1
Iy = 55 /C Fi(h(:)W(2)dz

1
- 2miA2 /c+ Fop(y)(y) Wop(y)dy for 4+ case
1

T 9Nz /(L Fom (y)1(y) Wom(y)dy , for — case . (3.30)

However, we also see that the series method is not able to calculate the coefficients
Ry = T?C? + Iy and Cyy = Cyy = T,,C,,C,, + I15. The reason is that by Egs. (3.11)-
(3.21), fo ox vy + u, for —7/2 < 0 < 0 on Cy and fo X v, + upy, for 7/2 < 6 <

on C_. It is obvious that the contributions from the v, or v, terms to Iy or I
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cannot be proved to be zero so that, e.g.

1
In # 303 /C RCLOLMOLS
Lo # 27T1A2 /. RICLOIMOTS (3.31)

for the + case. Moreover, we do not know how to calculate these contributions since
vp OF vy, only appear on half of a semicircle. There is another reason that, as we
will see, even if Eq. (3.31) were true, the series from the right hand sides are found
to be divergent numerically.

To calculate the coefficients o, and «,,, we can substitute the asymptotic series
of U,,, and ¥,, of Egs. (3.27) and (3.29), making use of Eq. (3.7), into Eq. (1.4),

requiring that all terms vanish. The result for ay,, is

Qyp = 0Ap4 — (1 + kg)afn,2 + k2an 0 n 2 1 )

1
w0 = g (o i1 [ 2 =

—\*(a + in) [Cbn 12 20, 11+(2—k )an 10]

n—1
+72(an—1,1 + an—l,O) ] + Z hn—maum} ;

m=1

ng = Qpi—1+[ae+i(n—1)]an—14-1, k=1,2,3,45  (3.32)

and ao = 1. We can also use Eq. (3.32) to calculate &y, by putting h, = 0.

Similarly for ay,,,

Cypn = GQp4a — (1 + kg)a'n,2 + kgano 3 n Z 1 ;
1
0 21./\%0(%_1)”{[@4-1—171 lz Un—1, 200

—)\2(054 + ZTL) [an_l,z + Zkoan_M + (2]{:0 — 1)an_1,0]

n—1
+72(an—1,1 + koan—l,O) ] + Z hn—mavm} )

m=1
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an,k = an,k_l + [014 + Z(TL —_ 1)] an_l,k_l y k = 1, 2, 3, 4, 5, (333)

and agp = 1. Similarly we use Eq. (3.33) to calculate &, with h,, = 0.
Now that we have an exact asymptotic expansion of the integrands of Eqgs. (3.26)—
(3.30), we can write down the series expressions for those integrals, making use of

the result

I:i: — / @e:ﬁ:i(&w»A Iny)
c: Y"
= 2™ 2nTIFIA (L) /T (n FiA)

for real § > 0, where we have changed the contours of integration from C5 to C', in
Figs. 2.1 and 2.2, using Hankel’s contour integral Eq. (2.19).

We finally have, for the + case,

R, = C2+ ’L'7T2Tv262i[5(k0)—5v+k020] (2k0) 2za4 i T (2tko)™
Y20 203k3 (1 — k3)2C2T2 (ioy) ~= T(n+ 2iaz)’

i 2T, T, el (D) =S (ko) —susu+(1=ko)z0]
Cy = —-C,C, — )\2 V) - ; ( k()) ar—ag)=l
ko (1 — k§)2C,CuT (i) (i)

y i(1 — ko)
Z F[n + ’L((l/l —a3)]’

(3.34)

where 7, is the coefficient of the y~" terms of the integrand after combining the

three series from F, ¥, and h,
Yo = iﬁn—mhma n>3,
B = Zaunm &, n>2, for Cy,
Bn = Z Qun-m)@m , n>2, for Ry . (3.35)

The series for the — case is formally the complex conjugate of Eq. (3.34), but may

have different h,,. The series for the coefficient C35 is also formally identical to the
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Cys series in Eq. (3.34) with only a change of 3, in Eq. (3.35) to

Note that we can also calculate the three corresponding coefficients for the eighth
order equation (1.6) using Eq. (3.34) with the sign of the second term (the term with

the summation) of both expressions changed to the opposite. But now, instead of

Eq. (1.5),
ay = (1= 7+ —7)/23°(1— k),
ay = (—kg + veke — 12kd +70) /2 ko (1 — k3) ,
and
S(k) = - {%5 + 0 kg; I (1= )1+ R) + ké]k}/ A

Also, an o in Egs. (3.32) and (3.33) have to be calculated by slightly more complicated
recurrence formulas respectively,

1 5
ano = m{[a2+ln—1 [Zan 1,m — ’Ysmz::()an—l,m

~ X290 — A’ (02 + in) [an-1,2 + 2an_1,1 + (2 = k3)an_10]
+72(an—1,1 + an—l,O) ] - Z hn—maum} )

1 5
n = - ]- kT n—1,m — k5—m n—1,m
Qp,0 27;/\2/{,'0(]{3% _ 1)TL {[054 —+ Z n [Z Ap—1, Y6 Z 0 Qp—1,

m=0

—)\220051,” — )\2(014 + ZTL) [an_Lz + 2k0an_1,1 + (2](}(2) - 1)0%_1,0]

n—1
+'72(an—1,1 + koan—l,O) ] + Z hn—mavm} .

m=1
Let us consider the nonrelativistic case using Eq. (3.23) as the A function first.

The series for Ca3 in Eq. (3.34) is then evaluated numerically. Since the asymptotic
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series of h for both + cases are the same, the Cy3 values from both cases are simply
complex conjugate to each other so that the absolute values of them are identical.

An empirical formula is found for it from numerical results,
|Cos* = CpCoe (1Rl /2 (3.36)

for small |ay|, |4/, not too small A? and not too large k. However, the series is
not everywhere convergent. One radius of convergence is numerically found to be
ko > 1/3 (Note again that ko has been chosen to be smaller than unity always),
independent of other parameters. The analytical reason for this divergence is not
clear for now, but it is found that this radius is not very clear cut. For not too
small ky and not too large k, the series first converges to a value expected by the
empirical formula Eq. (3.36) and then diverges away. In Table 3.1 and 3.2, some
values of Py3 = 100|Cy3|? are shown, along with the values of g3 which is defined
by Pps = 100P) exp[—qo3(1 — ko)?k%/2], with Py = C?C?. Note that ¢u3 equals to
unity if the empirical formula Eq. (3.36) gives the exact value. The values n in
Table 3.1 is the number of terms summed in the evaluation of the series Eq. (3.34).
For those values with kg < 1/3, we stop the evaluation at a term which has the
smallest difference between the values if one more (or less) term is summed, because
of the divergence problem. The n values for those data in Table 3.2 is from 150 to
153, but remain the same for each line of data. Note also that not all digits shown
on these tables are significant figures. Only those digits without an underbar remain
unchanged if one more (or less) term is summed. These non-convergent figures are
shown in order to compare the convergence properties with other series.

One obvious quantity to be compared with Css is the (3o coefficient, because

mathematically it should be identical to Css so that if the values from the series of
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ko n Py Py3 Py q23 03

0.1 8 0.0618 0.0618 0.0627 1.0376 1.0280
0.2 8 0.0914 0.0914 0.0921 1.0067 1.0012
0.3 23 0.1258 0.1258 0.1262 0.9892 0.9860
0.4 157 0.1627 0.1627 0.1630 0.9890 0.9867
0.5 152 0.2023 0.2023 0.2025 0.9886 0.9870
0.6 147 0.2417 0.2417 0.2418 0.9882 0.9870
0.7 140 0.2776 0.2776 0.2777 0.9878 0.9868
0.8 132 0.3065 0.3065 0.3065 0.9873 0.9866
0.9 119 0.3252 0.3252 0.3252 0.9867 0.9863
0.95 109 0.3300 0.3300 0.3300 0.9863 0.9861
099 90 0.3316 0.3316 0.3316 0.9860 0.9860
0.999 72 0.3317 0.3317 0.3317 0.9860 0.9860

Table 3.1: Nonrelativistic case with A? = 20, |ay| = 0.12, |ay| = 0.001 and k = 2.
Note that Py = 0.3317%.

k Py Py3 Pjq 32 423 03

0.1 0.3312 0.3312 0.3312 0.9904 0.9904 0.9903
0.5 0.3216 0.3216 0.3216 0.9903 0.9903 0.9902
1 0.2930 0.2930 0.2931 0.9902 0.9902  0.9900
2 0.2022 0.2022 0.2022 0.9894 0.9894 0.9892
4 4.622e-2  4.622e-2 4.625e-2 0.9853 0.9853 0.9851
6 4.148e-3  4.148e-3 4.157e-3 0.9737 0.9736 0.9732
8 1.801e-4  1.803e-4 1.818e-4 0.9398 0.9397 0.9386
10 6.603e-6 6.694e-6 6.830e-6 0.8660 0.8649 0.8632
12 2.560e-7  2.843e-7 2.918e-7 0.7819 0.7761 0.7746
14  7.887e-9 1.522e-8 1.556e-8 0.7165 0.6897 0.6888
16  1.916e-10 3.434e-9 3.454e-9 0.6647 0.5746 0.5744
18 4.419e-12 3.787e-9 3.787e-9 0.6183 0.4516 0.4516
20 2.831e-11 6.346e-9 6.248e-9 0.4637 0.3554  0.3557
22 345.3 345.3 345.3 -0.1148 -0.1148 -0.1148

Table 3.2: Nonrelativistic case with A = 200, |as| = 0.12, || = 0.001 and ko = 0.5.
Note that Py = 0.3317%.
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these two differ with each other, we know they cannot be both correct. This may
indicate that both values are not truly converged or there are other errors. So we
also show the values of P3; = 100|Cs|? in Table 3.1 and 3.2. The values of g3o
defined similarly as go3 are also shown in Table 3.2. We see that the two quantities
P53 and P;, are identical to each other when kg > 0.3 and x < 10. The deviation
for small kg is obviously due to the divergence problem of the series. Also, when
starts to grow larger, we know from calculations that the terms in the series grow to
large values and then decrease, but at the same time the coefficient tends to zero.
Since we can only compute it using finite precision and only a finite number of terms
can be summed, we expect that the series will effectively diverge after some large x
value. The fact that P,3 and Pss in Table 3.2 do not get smaller for x > 18 shows
the error is starting to get large so that the values before that are also not converged
to the true values due to the subtraction errors. This can be seen by the fact that
Py3 # Pjs for 12 < k. One interesting fact is that P,3 agrees with Pss again after the
series obviously has encountered numerical difficulties (see the values at kK = 22).
Different from the divergence problem for small &g, this error is only numerical and
there does not exist a clear cut radius of convergence of .

Another quantity to compare with is the Css coefficient from the eighth order
equation (1.6). The values of Pj; and gh;, defined similarly, are also shown in
Table 3.1 and 3.2. We see that the values of Pjg, ¢hs are very close to Py3 and ¢o3
respectively, even for those values that are not truly converged. This shows that the
two series have very similar convergence properties. This agreement is also found
to be true for cases with different parameters. Obviously, the empirical formula

Eq. (3.36) is also valid for this case.
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An empirical formula is also found for Ry,
|R4‘2 ~ 046—216(2)'62

for small |ay|, |ay|, not too small A? and not too large x. This empirical formula is
consistent with that for Ry of the fourth order equation (1.2), |Ry|? ~ C* exp(—2x2),
since as |ag| — 0, the five branch problem represented by Eq. (1.4) becomes a three
branch problem represented by Eq. (1.2) and then Ry — R, with kgk — k. However,
the radius of convergence for this series is ko < 1/3, just opposite to that of the series
of Cy3. For kg larger and near 1/3, the series also first apparently converges to a
certain reasonable value and then diverges away.

Let us now consider the relativistic case by using Eqgs. (3.24) as the h func-
tion. Since now the h function for the + cases are slightly different, we will do our

calculation mainly on the — case. The empirical formula for C3, is now
|Cas|? me C2C2e~T0—ko)*k?/2 (3.37)

The radius of convergence ko > 1/3 is still true for this case, but now there is another
radius of convergence (1 — ko)x < 1, similar to the radius of convergence x < 0.5 for
R, from Eq. (1.2) for the relativistic case. Some values of Py3, and go3, which is now
defined by Pa; = 100P exp[—qo37(1 — ko)?k?/2], are shown in Table 3.3 and 3.4.
Note that this empirical formula Eq. (3.37) also works for the + case. Actually, it
works even slightly better than the — case. The values of Cy3 are generally close for
the two cases. The go3 values for the + case, which we call ¢, are also shown in
Table 3.3.

We also did calculations on C3s for both cases. The values of Cy3 and Cs, agree

if the series is convergent. We did not show (3, and ¢33 in Table 3.3 and 3.4 because
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ko n Py3 Py q23 3 q;r?,

0.1 8 0.1313 0.0985 0.9082 0.9249 0.9922
0.2 15 0.1657 0.1364 0.8606 0.8573 0.9253
0.3 31  0.1923 0.1649 0.8824 0.8799 0.9447
0.35 159 0.2062 0.1803 0.8929 0.8907 0.9532
0.4 157 0.2202 0.1961 0.9030 0.9012 0.9610
0.5 152 0.2480 0.2284 0.9222 0.9210 0.9744
0.6 146 0.2744 0.2600 0.9397 0.9389 0.9845
0.7 140 0.2976 0.2886 0.9551 0.9546 0.9909
0.8 131 0.3159 0.3115 0.9681 0.9679 0.9934
0.9 119 0.3276 0.3264 0.9785 0.9784 0.9918
0.95 108 0.3306 0.3303 0.9826 0.9825 0.9894
0.99 90 0.3316 0.3316 0.9853 0.9853 0.9867
0.999 72 0.3317 0.3317 0.9859 0.9859 0.9860

Table 3.3: Relativistic case with A\* = 100, |az| = 0.12, |ay| = 0.001 and £ = 0.6.
Note that Py = 0.3317%.

K Pos P s 23 a3 o3

0.6 03276 03276 0.3264 0.9785 0.9784 0.9784
0.8 0.3245 0.3245 0.3225 0.9749 0.9748 0.9747
1.0 0.3206 0.3206 0.3175 0.9709 0.9708 0.9707
1.2 0.3159 0.3159  0.3115 0.9666 0.9664 0.9664
1.35 0.3119  0.3119  0.3065 0.9631 0.9629 0.9628
1.5 03075 0.3075 0.3010 0.9594 0.9592 0.9591
1.6 0.3044 0.3044  0.2971 0.9568 0.9567 0.9565
1.8 0.2977  0.2977  0.2887 0.9514 0.9512 0.9511
2.0 0.2905 0.2905 0.2798 0.9457 0.9455 0.9453
22 0.2829 0.2829 0.2703 0.9396 0.9394 0.9391
25 0.2706  0.2706  0.2554 0.9300 0.9298 0.9294
3.0 0.2488 0.2488 0.2293 0.9125 0.9123 0.9117
3.5 0.2261 0.2261  0.2028 0.8935 0.8933 0.8924
4.5 0.1813 0.1814 0.1528 0.8520 0.8517 0.8501
6.0 0.1234 0.1234 0.0935 0.7846 0.7844 0.7816
8.0 0.06999 0.07004 0.0454 0.6945 0.6942 0.6903

Table 3.4: Relativistic case with A = 100, |ag| = 0.12, |ay| = 0.001, ko = 0.9 and n
= 119. Note that Py = 0.3317%.
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they are simply the same as Cs3 and ¢o3. The empirical formula of R4 for this case
is,
|R4|2 ~ 04671416(2)'62
v )

for small |as|, |y, not too small A? and not too large x. This empirical formula is
also consistent with that for Ry from Eq. (1.2), |Ry|* = C* exp(—14x?).

The values of Py; and ¢); calculated by using Eq. (3.25) as the h function for
the eighth order equation (1.6), are also shown in Tables 3.3 and 3.4. Because of

the difference in the A function, the empirical formula for this case becomes
|Cas|? me 20291 —ko)*R?/2 (3.38)

As a result, the Pj; values in Tables 3.3 and 3.4 are generally different from the
Py values, but still g, are very close to ¢q3, where ¢jy is now defined by Pjy =
100P exp[—gh39(1 — ko)%k?/2]. If we use the negative of Eq. (3.24) as the h function
instead, and calculate Py and g5, defined similarly to P3 and g3, even the values
of Py will be very close to those of Py3 as can be seen from Table 3.4. This shows
that the convergence properties of the two series from the sixth and eighth order

equations are very similar. Similarly, the empirical formula of R, for this case is,
2 . 4 —18k2k2
|R4| ~ Cve o )

We see that the factor before k2 in these empirical formulas depend on the A function
rather than the order of the equation, namely the factors are 7 and 14 if we use F7/;
or 9 and 18 when we use Fy/s.

The fact that the Cy; series diverges for kg < 1/3 and the R, series diverges

for kg > 1/3 mades it very difficult to get both values for the same ky accurately,
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except for kg near 1/3. Although we do not understand this divergence analytically,
we may try to see how the ky = 1/3 limit comes about by looking at the two series
in Eq. (3.34). Note that the nth term of the series of Cyg is proportional to (1 — k)"
and that of R, is proportional to (2kg)™. These two factors 1 — ko, and 2kq are equal
when ko = 1/3. From this we can also see another reason why we cannot calculate
Ry and Cy4 by the series method. In order to calculate them, we must evaluate the
series from the right hand side of Eq. (2.15). It is obvious that the nth term of these
two series is proportional to 2 and 1+ kg respectively, which are larger than 2/3 for
all ky. So these two series should be seriously divergent. Indeed we found that it
is so numerically. Therefore, it seems that we cannot calculate Ry and Cyy by the
series method, at least in the present formulation.

From these empirical formulas (3.36) to (3.38) of Cs3 and other numerical results,
we see that although Cy3 is not exactly independent of absorption, the dependence
is much weaker than other coefficients because of the (1 — ky)?/4 factor, if ko is
close to unity. Note that the empirical formula for R, should be proportional to
exp(—2x?), for the nonrelativistic case, similar to that of Eq. (1.2), but Cys is only
proportional to exp[—(1 — ko)?x?%/2]. Note also that the factor C2C? is usually very
small for a plasma, since the O-mode transmission coefficient is usually very close
to unity so that one of the factors C, or C, is very small, depending on which one
represents the O-mode. Therefore, when calculating the coefficient Cy3 from solving
the integral equation numerically, usually only one or two significant figures can be
obtained for realistic cases. Due to the weak dependence on absorption, these one
or two significant figures remain unchanged even after other scattering parameters

have decayed to relatively small values. Another factor is that the numerical method
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that solves the integral equation also does not converge for large k. So, it is hard to
see how Cy3 changes for really large absorption using that method. That explains
why the previous result indicated that Cys is independent of absorption|[36, 34], since

the ko values used there were all close to unity.

Discussion

Although subject to some divergence problems, the series method once again
shows its power in calculating fast wave scattering parameters. We now know that
it works for equations with order higher than four and for five branch problems as
well as three branch problems. It can be used to calculate Cy3, for situations with
even stronger absorption, with much higher accuracy and efficiency than solving the
integral equations numerically. This enables us to conclude definitely that it does
depend on absorption and we can even find empirical formulas for it for different
absorption functions. From these results, we know that the dependence on absorp-
tion is usually weak so that we can explain why this dependence was not found by
the previous study.

The dependence of Csy3 on absorption indeed satisfies the separation scheme for
very strong absorption. Since the mode conversion coefficients of the two sepa-
rated three branch problems all vanish for very strong absorption, the conversion
coefficient Cs3 between the two must also vanish. However, because of the weak
dependence on absorption of Css, it may not change much for moderately strong
absorption, even when the mode conversion coefficients of the two separated prob-
lems all become very small. This means that the separation scheme still does not

work very well here, not until the absorption becomes extremely strong. This is a
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fact that should be taken into consideration by any theory that treats the five branch
problem as two separated three branch problems. This also shows that solving these
higher order equations for the five branch problem may provide more advantages
than the separation scheme, even for moderately strong absorption. One exam-
ple here is that the weak dependence of Cs;, found by solving these higher order

equations, will be difficult to imagine using the separation scheme.
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IV. CONCLUSION

Let us summarize our contribution to the calculations of scattering parameters
from mode conversion equations. First, we have extended the proof showing that
some fast wave scattering parameters are independent of absorption for a fourth
order three branch problem to a sixth order five branch problem. Because of this,
we should be more confident that similar proofs may also exist for even higher order
equations. Second, we have developed an analytical method that can find the series
expressions for some scattering parameters, for both three and five branch problems.
We have checked the correctness of this method by comparing its results to that by
solving the integral equation iteratively for the fourth order three branch problem.
Also, we have checked the consistency of the method by showing that the results
from the series method satisfy the proved reciprocity relation for the five branch
problem. From the numerical results from the series method, many empirical for-
mulas for those scattering parameters have been found. Thus, it is concluded that
the mode conversion coefficient Cs3 of a five branch problem is not exactly indepen-
dent of absorption, but usually has weak dependency. This enables us to explain a
previous numerical result which was unexpected because of its contradiction with
the separation treatment of a five branch problem as two three branch problems.
We also showed that the results from equations that represent physical situations of
second cyclotron harmonics are very similar to those from equations that represent

third harmonics, for both three and five branch problems.
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The advantages of the series method are several. First, it is an analytical method
in nature, although the series is quite complicated, so that it enables further analyti-
cal studies and development. Secondly, it is a quite efficient method in computation
because we do not need to find the solutions for the equation itself, which are re-
quired by the method that solves the integral equation numerically. Third, it is
usually more accurate, when the divergent problem is not very serious, and we may
try to increase the accuracy by summing more terms or increasing the precision of
the real numbers of the computations.

There are two problems with the series method. First, it is not always convergent
for all absorption functions h or for all parameter ranges. Moreover, the convergence
properties of this method are difficult to investigate because of its complicated na-
ture. Thus, there is no good criterion to tell when does the series converges for now.
Secondly, it does not work for all scattering parameters. The series for the slow
wave scattering parameters are seriously divergent, as are some fast wave scattering
parameters for the five branch problem.

As pointed out in the introduction, the mode conversion effects have been used
for heating or diagnosis of plasmas, so the method we developed here may help in
these applications. For some situations where the model equations can represent the
physics relatively well, the scattering parameters calculated by this method can be
used directly to interpret or to predict experimental results. For more complicated
situations which have to be solved numerically by more sophisticated computer
programs, our method may provide some limiting situations so that the validity
of these programs can be checked efficiently. Some numerical methods, e.g., ray

tracing, cannot treat the situations near the mode conversion point and thus a
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separated subroutine has to be used to solve the mode conversion problem there
in order to get a continuous solution. Our method may be used to improve the
efficiency and accuracy in such subroutines.

Since our results confirmed that the coupling between the X-mode and the O-
mode may be much stronger than we used to believe for strong absorption cases,
this fact has to be taken into account for any theory involving the X-mode — O-mode
coupling. Some applications using the X-mode — O-mode coupling, e.g., to transmit
wave energy to a region where only one mode exists from a region where this mode
does not exist, may be more efficient than expected.

In conclusion, the development of the series method significantly increases our
understanding of the mode conversion equations. Some results, which are difficult to
find by numerical methods, have been found by applying the series method. There
are still many difficult problems with the series method to be considered by further

research.
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APPENDIX



Appendix: A Simple Example

To give a simple example of the integration method that generates those series
expressions in the main text, we use it to calculate the Fourier transform of the
plasma dispersion function Z(z) for real x. Note that this is actually a rather

established method to calculate Fourier or Laplace transforms[43]. Let us calculate

Z(k) = / Y Z(@)e*da

—0o0
for real k. Now Z(z) is analytic in the upper z-plane, so we can change the integra-
tion contour to the C_ contour defined in Fig. 2.2. Note that on C_, we can expand

Z(x) as an asymptotic series similar to that in Eq. (2.11). Then

[(n+ 1/2)ete
T(1/2)a2

dz

20=- ¥

- n=0
If £ > 0, then Z(k) = 0 obviously. For £ < 0, we can close the contour C_
with another semicircle on the lower z-plane without adding any contribution. The
integration contour then becomes a circle with infinite radius going clockwise around
the origin. So we can now evaluate the above integral using the Residue Theorem,

since there is a pole at z = 0. Using

Res{ et } _ 1 G (eikw)xzo _ (—k)Q'"

x2ntl (2n)! dx?n
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we finally have
. ot —E2\" 2
Z(k) =2miy] — (T) O(=k) = 2mie™" "O(~k) ,
— n!

where O(z) is the step function which equals to 1 for x > 0, and equals to 0 for
x < 0. In order to check whether this result is correct, we calculate the inverse
Fourier transform of it, which should be equal to Z(z), i.e. we want to check

whether

]_ [T . oo
Z(z) / Z(k)e " dk = i / ke kg

21 J—o0 0

By Expanding the exp(ikx) factor as

and using

o0 2
/ R2rtle K /Agy = 92ty
0

/ T ke R gE = 92h(2n — 1)
0

we finally have

22° Azt (—222)"
7z — ime ™ —opl1 - 4 2 e
(z) = ivme xl 3 735 T ntn

= VTl FE )

which is simply the power series expansion of Z(x)[4]. This means that the Fourier
transform calculated by our integration method is indeed correct. It is also interest-
ing to note that we start from using the asymptotic expansion of Z(x) to calculate
its Fourier transform, but we get its series expansion instead after we perform the

inverse Fourier transform. This provides a relation between the two series.



